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PREFACE 

i 

This volume was organized .at the 'request of the SMSG Panel on Research for 
their use in .identifying needed research in mathematics education". At a meet-, 
ing of the Panel in May 1969, several very recent comprehensive reviews,, as- 
yet unpublished,- were discussed, and the Panel decided to request copies for 
their use. Originally, these manuscripts were to be reproduced in enough' 
copies for the Panel - either separately or together- in an in-house paper. 
In a work session at Stanford during the summer, 1969, we examined the five 
manuscripts collected for the Panel and were impressed. ■ We ,fel* these compre- 
t hensiye reviews were of general interest and therefore argued for making these 

reviews available to a wider audience . As a result, this volume in the STUDIES 
1 tN MATHEMATICS series was prepared. •' '' ** 

, Each previous volume. in the STUDIES IN MATHEMATICS series has. dealt with 
some mathematics topic mathematics with discussion of pedagogy and curricu- 
lum'.-: This is .the first volume to be --devoted, specifically to. mathematics *edu- ' 
cation -or to research. The intent .of the series, however, is to provide a set 
of references for persons* concerned ..with secondary and elementary .school mkthe-r 
matics teaching. JJe feel that this volume* of reviews is within the intent of * 
•the series. For surely these refiews are- of interest to teachers', supervisors, 
graduate students, 'and, college teachers. . • • * ' » ' 

The five papers^vary in' Ay le and emphasis. "This is partly , because the 
•papers were origina-lly prepared for diverse audiences, partly because of the 
nature of the respective research areas, and partly because of .the different' • 
orientations of the authors. He feel > a very .important "characteristic of th,ese-. 
'™l ie "*.' iS ^ hat ' t . he " / ark uP-to-date. They are review/ of material up through . * 
early 196V in feach.Oof the 'areas. Taken together, .these papers -- ^hc^gh ' • ^ 
written, for .different purposes and different .audiences -\ shpuid giVe the read-/' 
-er a sense of some significant current activities and trends ip research in 
mathematics education. •* ' V 9 " . ' « 

Aiken began his paper in connection with a seminar that met in SMSG* head-, 
quarters during the academic year' 1968-69 whileshe held U.S. Office* of ' 
Education Post-Doctoral Fellowship. It'was dompleWVuring the latter pant of - " 
his- fellowship at the University "of georjia.* The paper is a review* of their^-* * ' 
>senrcll on attitude? toward mathematics during the past ten years, 'bu? includes 
a very useful discussion of methods of. measuring 'att^d^>6ward^ifathenatics • 



as an introduction, and incorporates brief statements oji methodology (e»g. , use 
of residual gain scores, use of cross-lag corre^atiort^ithin the text. A 
slightly modified version of the paper has been submitted % to the Review of ( 
Educational Research,. >* * * 

: : — . * N l * 

In his review of classroom teaching of mathematics, ^e^also includes a"" 
sampling of the research in teacher* effectiveness , programmed instruction, and 
teacher education. 1 His review seems to, draw on^ a* large number of doctoral 
studies^ — s "methods" studies are popular.thesis topics. Fey nptes a father/ 
disorganized and scattered field x>f research with virtually no programmati 9/ re- 
f search where studies lead from one to the next 'in some systematic way. There 
•is pessimism, >urgencj* and optimism mixed in his'message: what has been, done 
is meager and could be improved J this is' an important. line of disciplined in- 
quiry with the potential for an>improved mathematics instruction, and "there , * 
are some 1 guidelines provided which should lead to better studies. This ?eviejw 
cbncentrates on r^s v earch published during. the past five yeags." ? 

Harrison 'includes a discussion of some major, theoretical points in Piaget- 
ian studies a^'we^l as a review of recent • studies . .He concludes his paper , 
with a brief disctfssUon ,of sample mathematics teaching approaches coVisoriant 
with a Piagetian poiht of vj.ew. Such illustrations* of a line of thought proV 
ceejjin^gr from theory through experimentation to application are^cjll too rare in 
mathematics education. » « /* c * 

• ' f • . » * 

Hatfield draws pn the literature about computer assisted instruction more 
• . , • * — ^ • ^ • - „ y, 

than research, reports* This is .appropriate to the' CA*I 'literature since it is • 
a relatively .new research area. Hatfield wrote his review for an audience 'tha^T 
was primarily .teachers of mathematics . He makes a cogent explanation of the 

various us$s of computers in mathematics instruction and illustrates the_nalen- 

J * % J *» * 

ttalfor each use along with* .the need for programs -of research. 

•** #* * . ■ \ — * f - . 

.Kilpatrick, in examining the research ori problem solving, and 'Crea|^ve 6^- 

haviors iri mathematics, also found an absence *of any programs of research x?y 
mathematics 'educators. There were lines of inve'stigation suggested from p*sy^ 
chp/ogical research, and* Kijpatrick notes a need for more clinical studies -to 
generate* hypotheses for future^ inquirry\. Thic* review" also c*6ncentrates^n stud- 
ies publishedLdutihg the gast/five years. * - *. . r 

Earlier vVrsii^ fiarrisQn, •Hat field I and Kilpatrick were • 



» ^- • • • ' * * * / 

presented ,in -research 'reporting sessions -at the. 47th", Annual M^etin/'of the 

Nationa^JJouncil ofiTeac^ers of Mathematics, .April 1969, ,in Minneapolis. 1 

Fey an^d^^lp^l^icK^p^ers wjsre prepared-as Preview chapters for' the October* 1969 



issue 'of the Review of Educational Research . Owing to space, limitations in . 
the'RER; chapters had to jbe. drastically cut. We thank Gene Qlass , editor 
of RER for granting permission to include the full versiohs 'ih ttfi^yolume . 

k As e&i,tors, we must admit to contributing very little to this volume 
6ther than interest, enthusiast, and a careful reading of the r i*nuscripts . WdT . 
have done" only -minor editing %o brijjg' some similarity of reference' style to 
the papers. jKhese papers^are thWfor^ more 'tentative in nature ^han would 
have been the case if^they had ^4sed through a system of. rigorous editorial 
review. Because -the papers are tentative, ^ authors. wotAd 'appreciate 
.correspondence with investige&rs who find the material useful and Wwish to' 
^hfelp feh. the further. refinement of" the. ideas presented . herein . Ve commend " 
% the authors for being filling to share their work with a wider audience of «■ * 
mathematics educators . .. " • 
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ATTITUDES TOWARD MATHEMATICS- - — 

Lewis R. Mken, Jr. * 

Guilford College : ' ; ' * ' * • 

t 

InTier "Review of Research on Psychological Problems in .Mathematics Edu- 
cation" written^approximately ten years ago, Rosalind Feierabend (1960) devoted 
about that same number of pages to research on attitudes toward mathematics* 
During the pas't -decade a number of published reports of conference proceedings 
have been concerned with mathematics learning (e.g.% Hooten, 1967; Morrisett 
^and Vinsonhaler, 1965), but these reports do* not treat in detail research' on^ 
attitudes. Because the number o^f, dissertations and* published articles dealing 
with attitudes toward mathematics "lias increased geometrically since Feierabend f s 
(1960) report, it is time to reappraise our knowledge, of the.topic. * * * 



It has been stated that before progressive edueation^came on the scene more 
school- failures were caused by arithmetic tKan by any other subject (Wilson, v 
1961). Even if progressive education "has reduced the., number of , failures in 
arithmetic and mathematics., it is debatable whether ^.modern .curricula have 
postered more positive attitudes toward the subjects. But how general arja 
these negative attitudes, what causes them^ and what can be done to make them ' 
more positive? , * ' £ « v /" 

Some years ago the 4 members of a committee formed to study problems in . — 
mathematics education asked these same questions (Dyer et al., 1956), Their T 
main conclusion 'was- that more information was needed in oxjder to give adequate 

answers — information about biological ^inheritance and home background of the 

pupil, attitudes and training of teachers , ^and the 'content, organization, r-^L „ 
g^jlSj and ^a^tabilify^oT^the* curriculum. A fair question is; What informa- 



tion on the ipf luences of these three types *o'f factors has research provided , 
since 1956? The purpose of this review is to answer that question as it per- 
tains to research over the past ten years. Feierabend f sr 1960 review shoufCjbe, 
consulted for a' summary of earlier investigations. 

/ -. 
The interpretation of results depends to some degree on the measuring 

< « 

instruments employed in the research. Therefore, the review will deal first #** 



A slightly modified* version , m of this paper^, entit£ea^"Attitu'deV Toward " i- 
Mathematics: A Decade of Research Reviewed," has been submitted to the**; 
Review of Educational Research . , " ' * , 



AIKEN ' 

with gaper-and-pencil, observational, and other methods described in tftg recent' 
literature f v or measuring attitudes toward mathematics. Next-, * studies pertain- 
ing to the distribution and stability of attitudes and* the effects 6f. attitudes 
on achievement' in mathematics will be considered. Then, with regard to th% - • 
challenge «of Dyer, 'Kalin and Lord (r$56) referred to above, findings concerning 
the influences on student attitudes toward mathematics of t the home environment, 
the personality characteristics of the student, the teacher, and the school - 
curriculum will be summarized. Next, research and discussions of techniques % 
for developing positive attitudes and modifying negative attitudes wall be 
reviewed. In the final section of the paper, the investigations ,.which have 
been reviewed will 'be evalGated, and some suggestions for further ^research will 
be made . " * 

* * Methods of Measuring Attitudes Toward Mathematics 

It has-been maintained that there 'are' no valid^ measures of attitudes toward 

mathematics (Morrisett and Vinsonhaler, 196$, p. 133), but the fact remains 'that 

• »■ 

a number of techniques--^>me -of them quite ingenious — are availably { to measure 

* * - • ** , '* 

such attitudes. Several of these techniques are _desoribed ,by Corcoran and Gibb 

(1961), including (a) self-report methods such as questionnaires, attitude^ ' 
scales, incomplete sentences, projective 'pictures , and. essays, (b) Observa- 
tional me/thqds, and .(c) interviews. - It. is observed that although the' majority 
o£» investigations have «dealt with attitudes toward" mathematics in general, one 
can also measure attitudes toward specific courses o/ types of mathematics 
problems # , 

Observation and . Interview \ ' , 

Observation is s.uperf icialljr tfie most objective meatsXire of attitude, but 
Brown and Abell (1965) foufid teacher observation^ to be. inadequate as a method 
of appraising students' attitudes 'toward mathematics. On the other hand, , 
Ellingson (196$) found a significant positive.' correlation (r = AZ) .between 
the inventoried mathematics attitudes of 755 junior and senior high school 
pupils and teachers f 'Ratings of the pupils 1 attitudes. t 

• v * . ^ k . * ,r % # 

Another fairly direct way of assessing ^titu'des is to ask ^be pjapil how 
he feels about mathematics. This was the methodised by Shapiro (1961) in a • 
semi-structured interview of 19 questions 3imed at determining the feelings 
toward arithmetic of *15 % boys and 15 girls. * The pupils 1 atti*udes were f , 
determined by ratings of theV9b interviews .made by Trhree judges. . v ^ ^ 



' ♦ * ♦ - ATTITUDES 

Questionnaire / Items »^ * . 

i/^ger and Aiken (1957) administered the following three questionnaire 

items td' a group of college students as a means' of* determining their anxiaty 

# r attitudes toward mathematics. The students responded to each item with 

true or false. ^ 

I; ■ # . i f ' , * V 

l t i I am often nervous when I have to do arithmetic-*^' 

/' 2. , Many times when I see a nflfth problem I just 'freeze up. 1 ' ^ 

I 3 - 1 was never as good in math as in other subjects [p'.*346].. 

More recently, Kane (1968) constructed another sort of questionnaire to 
measure attitudes toward mathematics and other school subjects. The college- 
student examinees were instructed to indicate which of four subjects'— English , 
^ mathematics, ^science, and social studies — they most enjoyed and were most < 
worthwhile in high school, they most' enjoyed'In college, they learned the most 
, about in college courses; they would probably most egjoy teaching, and they 
# were probably most competent to teach., Their attitudes toward mathematics 
^ were ( indicated by the extent to which mathematics was preferred or selected • 
^over Ae other three subjects ,° Other examples of 'non-scaled questionnaire 
items and more, formal questionnaires such as those devised by the semantic ' 
differential technique (see Anttonen, 1967) could be supplied, but a more* 
popular. instrument for measuring attitudes- is 'the attitude scale. 
. Attjtude^Sqales % 

There are several, attitude-scaling procedures, a few of which will be 
described^briefly v In Thurstone's method of successive intervals, each of a 
t series of statements expressing different degrees of negative and positive < 
attitudes toward something, is given, a scale value, the median of the scale ' 
values assigned to it'ty a group of judges. A respondent's score on- a scale 
consisting of a series of such statements is fchesunTor mean of the scale 
values of the statements whiph he endorses* * 

'ft.'.-' <A ? , . ' 

In^Likert's method of summated ratings, the respondent indicates jwhether 
he strongly agrees, agrees, is undecided, dj.'sagre^s , or strongly disagrees* 
>with each, of .20 or so^sta^ements -expressing pctei/tive or negative attitudes , 
toward Something. '*His scbra on the .scale is theObum'of /the weights (successive 
integers such as 1, 2, 3, ^, and^fj/.which havi been afiigned' to the particu- 
lar responses which he, makes. * On both .the. Thurs^fone and Idkert scales, 'high 
scores indica^ a more -favorable attitude* toward the particular tiling. 

The Thurstone and Likert attitude-scaling techniques, are popular pro- 
cedures for measuring altitudes toward mathematics, but a third me^od for 
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scaling attitudes^ — Gytt man's I'sca^ogram, analysis--is employe^ less frequently. 
* Th^is is probably due to v ^h| fact that Guttman scaling requires a true scale, , 
in the sense that if the" respondent endorses one item he will endorse ^all items 
having a lower scale yalue^* Such .a restriction is more likely to be satisfied 
^ *f or* cognitive test itefns than for ^non-cognitiveyitems like attitude statements. 

Example of a Thurstone scale . The^scal«*of attitudes toward arithmetic 
which has probably been used more than any other is Dutton's scale, (Dutton, 
1951; 19^2), 'This 15^item scale* is" given in Dutton's 1962 pap^r, and it con- 
sists Of a variety of statements' expressing positive and negative attitudes 
toward arithmetic. It was originally constructed to, measure the attitudes of 
y 4 prospective elementary school teachers, but it has also been administered to 

** junior high pupils (Dutton, 1968) and even as ea^Iy as the third grade (Fedon, 
195?) . In Fedon/s study (1958), the 'children indicated the intensity of their 
attitudes with a color scheme , varying from red for*an extreme positive atti- 
■ , $ > tude tHrough yellow to convey a neutral attitude and to black for an extreme 
V . negative attitu^. v Dutton's scale,, like many others, is obviously multidimen- , 



sional in-tbg£ -different statements assess 4ttitude^ toward cSrffer^ent aspects 
of arithmetic^ * • > 

Example of a_ Guttman scale . In an investigation to be discussed in more 
detail below, Anttonen (1967) arranged 94 attitude •scale items into 1$ 
Guttm^an^type scales. The obtained score was to be representative of the atti- *§ty 
tudes toward mathematics^ of .fifth and sixth* graders and of eleventh and 
twelfth graders, a father wide range for any psychometric device. 

"Examples of Likert scales « Lifcert scales are usually easier to construct 

Jtfian Thurstonje or Guttman ^scales , and therefpre it is not surprising that many 

"researchers have % preferred \his type^ of. scale. l In their book on attitude 

scales., Sha£ and Wright (1967) have included two Likert scales for the measure-" 

•ment of attitudes toward mathematics --a 12-item, .modified Likert scale by , 

Gladstone, Deal arfd Drevdahl (1960), and Aiken's (1963) Revised Math Attitude « , 

Sca^e. The original version of ^the^^en scale appears in an article by Aiketi 

and Dreger (1961). Alpert, Stel^a^on* and Becker (1963X, described the. quasi-, 

LikerUattitude > scales^ used^in^^National Longitudinal Study„.of Mathematical^, 

Abilities* (NLSMA) of thjs Stanf.prd-ba<Se'd School Mathematics SfuSy Grqup (SM$6>. 

In the analysis of the NLSHA* data," 40 attitude-type items were broken down 

into' a number of. subscales , for examp«g( ^pro^arithmetic composite A " '"actuall - * 

.\ m . k % . * 3lk r - ; 

arithmetic self-concept*" ana* ^ebili-fa^ftng anxiety hs r a .final, example of a * 

*} * t * %t 'Is? •( v^J'* ,f » ;* ' ♦ ' * ,fc 

^Likert scale, t Dutt9n and Blum (1968,) reworded the n s-tr«>Trcest^vi1^s;Jfrom^ > 

Dutton^ earlier Thurstone-*^ ^ ^ ^ 1 - ^ A ' ^—-^ ^k'^^fcx^ ,fi.»L_^ i.^-r. ' 
format. » * 
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Other Measures of Attitude \ . <, 

NealeighA(1967) ^experimented with a picture -preference test as a measure - 
of pupil attitudes, and achievement proneness in mathematics.' The pupil was *"~7 
' ^reseh^ed-with 310 pairs of pictures, one member of each pair, containing a 
mathematics concept, and told to indicate which of the ( two pictures he pre- 
ferred * Thfe - y ath c6nce P* s " included in* the pictures were those of symmetry,, 
similarity, order, and pattern, Attitude and achievement in mathematicVwere 
,assessedVn another way and compared with pupil "responses to the picture -pref- 
erence test. Althqugh certain pictures disc^r initiated between tpupils.with 
positive and negative attitudes and between "pupMs with high and lot? achieve^ 
ment, trie -pictures t^at were most discriminating with third graders were' not 
necessarii^ the same on$s tlat were most discriminating with seventh, graders . 
, In the usual definition ©f the term, an attitude is viewed as partly -\ 
* cognitive and 'partly noh- cognitive or emotional. Therefore, it would ' se : em 
] that information abo-ut attitude,, or\f ieast Its .emotional comport , 'could 
be obtained by 'measuring autonomic responses fto 'selected, stimuli. Such -mea- 
surements are too lumbers ome^f or mas Assessment ~of t attitudes , but they s have 
• been employed' in Research. For example 4 , Bre4er and Aiken (195^) measured. 
c changes in electrical sjcin4es'istance; (GSR). 'in, 40_ college students while the, 
Verbal scale' of the We chsler- Believe Intelligence Scale (WB-I*) was. being * 
administered to the students ,\ Statistically significant GSR's were obtained"' ' 
during the arithmetic instructions and the arithmetic subtest of The JWB-I, but 
only ^br those subjects who had been independently identified 'as anxious about 
mathematics. v fc "\ 

- v * * 

Miiliken and Spilka (1962) measured breathinardep^h , breathing rate^ .blood 
pressure, heart frate, and GSR during* theyr^r^^ana^as^t . 30 seconds of the ' * # 
.^ me ^ ^t.^eir sub ject^ were * ' 

/Education Psychological ^Examination (ACE). The results showed jhat examinees* ^ 
who were low in mathematics, anjd high in 'verbal score ctn the Scholastic Aptitude 
3Lest gave greater physiological responses du^rtg admin^|ration of the ACE m 
mathematics tests. In addition, males in general gave greater physiological . 
responses during. the ACE verbal tests. than 'during the /mathematics tests, while f 
the reverse was true t for ^females^ f * °* . v-^- a s 



, ' - Grade Distribution' and -Stability-* of y Attitudes ' * V ta , 

The Element ary- S ch do 1 Years 4 " ' 

• It is generally recognized .that attitudes toward mathematics, in adults can 
be traced to childhood (Morrisett a&d Vinsonhaler, 0,965, p. 132). There- is 



^ evidence tb^ very <te|*ni fe^Bti^jzdfes toward arithmetic ^may be formed as early 
as the thi^ ,)grad# feedoru -&$8; Jt/ichV, I960), but these attitudes tend to 
be more 'ijttwfc^e^ljsn negative in elemehtary school (Stright, I960)*. For. 
example-, a ^y^r by Herman (1963) of the suhjeqts least preferred by a poup 
/ ° f ^ ou ^^» fif \ h '» * nd s ^ xtn graders found that ^rithmejric was typically'^in the- 
Tt -middle when subjects were ranked friom. least to most ' 'preferred <*' ""For boys',tifte - 
V # order of the five subjects, from- least-liked to mos£- liked, was English, social* 
9 ^studies, arithmetic, science, and spelling, ^or. girls, the order, from least- 
liked to most-liked subject,^ was social studies, science , arithmetic , English, * 
* and spelling . ' * , , ( ' ' £ *' m 

Indirect evidence 'of the^ grade distribution of mathematics attitudes is * 
found in reports given by groups of college students majoring in edition. 
The studentsstated that they developed their attitudes toward ar/tnmetic ~ 
throughout school grades->from second through* twelfth ' grade— but that the 
r y intermediate ^grades— fourth through sixth— were mor^"Ijifluentiel^"0utton K .1962; 
Smith; 1964; White, 1963). This seems * reasonable , 'because these^aVe typically 
the three grades in which arithmetic is stressed' most.' In McDermott's (1956) 
case studies of 34 college students who were afraid of mathematics, the - 
■ * majority reported having f irst^ met with frustration in the elementary gvades 
^he remainder stated that they *met difficulty when they attempted the use bf 
.algebraic ^mbo Is •and 'other highlr math concepts in, secondary school. 

3ftter4s1*ngly erieugh, there is' some evidence of a decline .from the third^' 

C * ■ • ' x 

n grade in the percentage of pupils expressing negative -atti- 
tudes toward arithmetic, (Stright, 1960). However,, the change may be- due to < 
increasing social sophistication <jn the part of the pupils, or an increased 
willingness to simulate positive attitudes because they have been t^d'that 
mathematics is good for them and pos^ive altitudes please the teacher. ' , 

The Junior-High- Scho61 Years; J > ; ' 



\ ^® ^s^ts.of A number 'of jr£udies &oint to the pei;sistence*of negative 

• m&ifdtes ^o^r^ afflematiqe ajj sjtudjents Ascend the academic ladder. In the 

• traditional j-urr^^ school ,has been the\pd»iod during which ^ 

• algebra and other a^ract-' mathematics wlr^fitMiScedf; and this is, the! titne - 
. during whidh* man^ftp^e waiter ^ .friends nave ^.s^ ateVg^jb ^^y- 'began .to dis- 
like the subject. l£ is noteworthy that the greai^sj^gerpentage ,<4'o%) of the ,\ 
^ps^t^ve teacliers^urvexed'by Reys and 'De ion ( 196 8 ^Itet^thftjj trnj-or^hjlgh,^ " 
school years as "Che "period when their attitudes toward ^arithmetic developed. 0 

. And even,, under more Contemporary modern mathematics curri^ull* iunior hich 
■ ^ school seems to be a^ritical period in the ^eterminati^^o^atttitudes toward, 
• - t ^athematic^CDutfonj^ea^ • - % - ' ~"T 1 ESt r f ? - ^ I J ; ' V 
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Attitudes toward new math* . - Dutton and Blum (1968) jmade a survey of .the 
reasons for disliking and liking arithmetic in 346 siith-, seventh-, and 
eighth-grade, pugils who had been taught /'new math" for at least one year. The 
most frequent reasons for disliking the subject were: working problems out- 

L *}*%V//$chof>l, wor<J problems that jwerejrustlrating, possil5ilities\^\n4j?reg^^ 

; mistakes in arithmetic, and too many rules to learn. A^arge percentage o? ^ 
* ;the pupUs ' agreed with the statements that 'arithmetic should be avoided when- 
ever possible,, that one cannot use new mathematics in Everyday li£e, and t thaJH 
arithmetic is a waste of time. # favorable attitudes expressed' by pupils wereW 
that Working with numbers is fun and presents a challenge, and that arithmetic 
.makes you think, is logical, and practical/ * ' *~ ; . 

• * * 

Q '* -> 

Dutton (1968) suggests. that there has been a decline during the paqt ten 

years "in the number of junior-high-s,cJiool pupils expressing negative attitudes 

toward arithmetic, but that a sizable percentage of pupils are - still not sure 

• of themselves in the subject, the reviewer notes however\tK^t "Dutton 1 s pro- 

, ^ cedurfe tes to compare the attitudes 6fL a gpbdplof jjutaior-hig^school pupils of 
a decade ago with •thos^e of a current 'group , a procedure which undoubtedly did 

, * not result 'in' equivalent groups. ■ " > # * ■ 

Longitudinal Studies of Mathematics Attitudes ■ ' ' • * • , ' • 

~r r — r 

Obviously, what" we need in order to assess the grade distribution and 
- stability 'of attitudes toward mathematics are. both \cross -sectional and*-longi-> 
a tudinal, surveys: But one difficulty ^obtaining thWj-nformation is the 
possible inagproRria^ness of tne same* attitude measure a^ifferent grade 
levels. Fedon's (1958)"use of a color .scheme for indicating intensity of 
attitude in the lowe^ grades Represents an interesting attempt to extend down- I 
ward a scale which was constructed for students on a mue-h higher level. 

| ' Actually, there have been very few longitudinal studies of ^attitudes . -An 
| unpublished analysis by the -writer of the mean scor.es on the SMSS mathematics 
4 attitude scales obtained by the same gropp o£ approximately ' 1000 children in 
J i graded four, six? and eig^t revealed significant cAaages^ro^ gvkde levels 
J in mean scopes on some scales , although these were >npt very dramertic, (data* from 

Wilson et ar 4>v 19p8) # . Anttonen (I967)^adminifstere<i 9^a£titude items, 
i arranged into 15 Guttroah-type 4 scales, to 607 f i ! fth T jBSji ^ixth-grade.MinneV 
Tsota school children in 1960 ;^ The scales* Were readministered to a portion' of 
^ the same ,g^oup_six Uegslg&S^^ in ^HeVelevdnth ah$ twelfth 

j grades , res^ctiv^. The^corj^^^ 
, ' V tary a*hd sepondary School was relatively low (average '* r of " .30) for the 
' ^ * entire group, for grades and sexes considered separately, and for four 
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different patterns* 6f mathematics coursework. Howiver', scores on the Guttman 

J ' • ' / ' I * 

. attitude scale, administered iiv> senior high had a high correlation with a seman- 
tic differential' measure of attitudes administered during the same period,. 



iu*.^ , ' r jr ^9 pyPfl*^ s 3 , eem i possible to measure attitudes towar v d arithm^|ic^9r , * 
mathematics as early as the~ third grade ^ but, as'ln any interest pattern^** 



affected by^ development , such attitudes are prob 
a early„ grades." In addition, the preci3eness with 
t attitudes # varies with level of maturity. Finally 



toward different" aspects of arithmetic and mathei latics are ^measur 
attitude" instruments administered at different >rade levels. Attitude foward 
materials ty, b'e 'leirffteci by rote, such, as the multiplication 'table , is not the ' 
) same variable as attitude^totoard wprd problems and algebraic symbols. 



»ly not very stable in .the - 
which pupils can express their 
it is clear that attitudes 

by "general 



importance than the exact frequency of attitudes 
however, are the causes and ef fects .of the^e attitudes 



% TOe'Ttelationsfrip pf Attitude tjo Achieve ment in Mathematics f 1 



Of more 
at different grade levels ,^ 



would v be of less*- 
But . 



Obviously,* the assessment of attitudes toVc,rd mathematics 
conce'rn if attitudes were not thought to affect performance in some way 
assum^g that altitudes* do affect. performance,;* hat ar^ the dynamics by whicjh 
this" is though^to occur? Bernstein (1964) maintained that if ce£ta*in* fee-lings 
are experienced f to a time they will lead to aj^ articular .self-image by the 



pupil — a self-image which will influence his e^cp 
* with consequent effects on actual performance, 



fetation of future performance.,^ 



^ ww.^^ H «w**w v..* 1.0 wu «^ luai pcij. wLHiauwc f , )ata xbllecTed by Kempler ,y 

(1962^, an^bearing\on this assertion, sugges c t jthat self-confidence in mathe- I 
matitfal ability, as measured by a 15-item questionnaire', 4& associated witn 7 V / 

*ater-jar \hs%. , Behaviors /. . 



/ / 
/' 



rigidity in mathematical tasks such as the Lucnilis water- 
' indicative of tbe rigidity which students manifest toward fru strati hg mat 
roatical tasks, >which ca«gthert to be anxidus and k hqstile toward the / simect, 



cS^e resorting tb rote and^nefficient' methods, and reding on 



dishonest means in order to pass (McDermott 1956) 



and "giving up" observed iri those who dislike mat ^emat^csV lis 
perseverance of those who like, mathematics * Snap Iro j frjp61 ! 
severance tpward^ solutions :o ^arithmetic problems wa& higher 
school ^hiliren who liked, mathematics than in th^o^e)^no^di!5| 
/ a group being more persevering than boy c ] ' ' ' * 

' r ^ A similap analysis of the* relationships amp^J" 

performance -was made by Alpert et al. (1963),/^bo yiew/l6vell p : •expectation 
* ^and performance as a kind pf l sj^^-perpetuat 1 

/•'/*' 



In contrast. to>%he jp*igi4it 



yele^lit^ry- * . t ^ 



attil 




cycle/axfectiingia child* s , 

lfl/\ 1 " ; : 

'* • 
-!'/■ 




* 'attitudes 
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tudes and anxiety are closely, related to this concept. The 
perpetuating cycle linking expectation and performance is' * 
he observation that the "variability of arithmetic performance 
Is proceed through elementary scliool.,, That is, the difference 
between the; pe^re^^nd^he 'bfefet pupils becomes progressively greater '(fclark, 



, The relationship of attitudes, (which are integrally related to expecta- 
tions), .to performance appears to be especially important in mathematics. As an 
illustration, the results "-of one study (Brown, and Abeil, 1965) were that the 
correction between pupil attitude and achievement was higher for .arithmetic 
than "for spelling, readings or language. fljjCit let us'. examine, by, grade level, 
n *the results of research over 'the past" decade on the relationship between atti- 
tudes anS achievement in mathematics. 

• Elementary-School *Lgvej: ' • - * . ' * ^ 

In a* s"tudy"of"the attitudes "toward "problem^^^ Brazilian^ 
elementary -school children, Lindgren et ^1.* (1964)S3b*taineli 

cant positive correlation between, problem-solving attitudes (Carey, 195§) and .« 



arithmetic achievement, and a positive, burftHjiot significant correlation between, 
attitudes and marks in arithmetic. Shapiro (1^61) j^ound her interview-measure 
% of attitudes in sixth gradeVs to 'be significantly related to grade placement on 
the Wide Range Achievement Test, all parts of v the arithmetic section of the ' 
California Achievement Test, and to school marks in arithmetic. Inj^nothe'r * 
^ study, Anttonen (i967) obtained consistently low correlations of matji at^tude ^ 
scores with 'grade averages and with the arithmetic total scores on~the Iowa 
Tests of Basic Skills of fifth- and sixth-gra&e. pupils . Indirect evidence for 
a^ relationship between attitude and achievement: comes from a survey by Dutton 
i (1962), who found a low positive correlation between the attitudes toward arith- 
metic in college students and their reported arithmetic grades in el§jnentary 
school. '/ , * . 1- 

;.<.* • > /■ • v ., . 

-Quite obviously, the correlations between attitude and achievement in 

. * elementary school, although statistically significant, are typically not very 

large. # In fact, 'one investigation of 4ixth graders (Cleveland, 1961) .founcl ' V 
i - » ■ c l . * 11 " ' 

'that fettitude scale scores did not generally discriminate between high and low 
• \ 

achievers in arithmetic/ One difficulty wi^h self-report inventories at the 
. elementary-school level is the readability and interpretability of the attitude 

instrument; another is* the self-insight and conscientiousness with which the 
t pupils t fill out the inVentory. Hopefully, these problems are not so serious at 

higher 'grade levels • ' . * 

y \ ^ x . \ t ' 

• . . ■• 9 i?- - ' . • •• • 
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JuniorWHigh-School* Level- 

. Sfatoarizing the results of a survey of 270 seventh-graders and girls', 
Alpert, e>a*. (1963) reported significant correlations between performance in 
mathematics and. measures of attitudes and anxiety toward mathematics .* Similar 
.results are given' by Degnan (1967) , Stephens .(I960), an/we£delin-!<lV66). ' In ' 
^a comparison of accileratedTand SSS&S. mt&matics /lasses /"Stephens (1960)V* 
- admirjistered/Dut^on-s -attitude scale to^six seventh/grade and six eighth-grade : 
the mean attitude score of the accelerated group was significantly 



classjeg. 

higher than that'of the remedial group. Therefore , .Stephens 'conclu^d^ 
attire scores might be us*d, together with achievement test scores , for 
placement in special classes. ' ' 

Degnai, £l967) compared the attitudes and general anxiety levels of '22 
eighth-grade students designated as low , achievers in mathematics with those 

Of OO -i'-u^ „.,.....!.. 



22 eighth-grade students designated ..as higfi achievers in mathematics . 

i Am I _ _ _ 1 . . i 



I ' x. « . ° — awjicvci-s in ma-cnematics . 

/. , ^tjton's scale was the'measure of .altitudes ^d.Casteneda's. JJanif est. Anxiety. • 
.Scale ^measure of general anxiety. Although it-was found that "the ach^vers^ 
_ . . Were generally more anxious than the underachieve^ ./the" ac&Wvers -had much! ' 
- ( . inore positLve attitudes toward mathematics.,: Also, when the Students were asked^ 
• k • to l^st their, majc* subjects in order of preference;,- the' achievers lave mathe- '' 
. <y n«ics a significantly higher racing than the underachieves . ' Among other ■ * 
things; the results of fu S study show that attitu^te toward' arithmetic and ' ■ 
^ general«„*ety are hot the same variable;' a.' inclusion related .to the earlier * 
finding, of Dreger fa Aiken (1957) that- "general anxiety* and "math anxiety" 
1 'f ftot ^ The study also demonstrates tha*, anxiety may act as a'facili- ' 

' '\#- ting factor 7 achievement, as "noted by' Alpert et' al. "(1963) in the Jl$MA , 
'£^# ariable °f "fifajaltatihg anxiety" in- mathematics " c 

- High-School Efevel> * 

In biJ longitudinal study of^ttitudes,. Anttonen (1967) repaid modera4, 
correlations^ mathematics attitude scores with mathematics, grade-point ''/' J ' ' 
averages/dh^ stdndarHized test scores-^, eleventh arid twelfth graders. Afchie/e^ ' 
ment «a£ also greater for studen^ whose attitudes ha^remained f a^abl!/- or- had 
become/favorable ^since elementary school. " *«.. f ' ' : ' 

ColleVe' Level . i 



'if- 



A)ue perhaps to the greater accessibility of subjects,' it is not surprising* 
/mank investigators prefer to work with college students. 'Since college 
ents, on .the average, presumably^have more .positive attitudes toward" aca- 
r WOrk than *»eir'non-*college counterparts it 'would seem" that the ' 



students , 
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frequency of negative attitudes toward mathematics, and, consequently the >/ar»i- 

ability of the distribution of attitude scores, should be lower for 'college 

students than for the general population. If this is true, then one mlWt. 

expect a somewhat smaller correlation between attitude's and achievement in 

college than in high school. Qn the other hand, college students may fi/ll out 

attitude inventories more conscientiously and with greater self-insight/ than 

the population as a whole-factors promoting higher attitude-achievemWt corre- 
lations, f. 

^, Some investigators have found rather low correlations betwce^Xa^hematics 
attitudes and mathematics achievement in college students. For example, 
Harrington (1960) reported a statistical^ insignificant relationship between 
attitude and performance in college mathematics courses, although he d^d jf ind 
*6hat selection of a mathematics course vs. no. mathematics course wa£ signifi- 
cantly related tp attitude. Somewhat more substantial relationships between 
attitudes and achievement were obtained by Dregetf and Aiken (1957) land Aiken 
•and tfrega?s (1961) r ^In the former .study^there was a correlation of ■ -Tw 
•between -tile finik .grades of 704 students 



between-. the f in^i grades of ^ 704 students in a freshman mathematics collie and 
their scores* on a three-item inventory, o£. anxiety iir the presence 1 *of mathe-' 
matics* IrTvthe second §tu^t(Aiken and Breger, 1961), scores . on t her Math 
Attitude Scale contributed significantly to the prediction %>f the f^alj!!!a.tiie=^ 
matics grades of 67 college women when combined in a regressio^J^ation with 
high school mathematics^averages and scores on the Verbal Reasoning and Numeri- 
cal Ability tests of the Differential Aptitude Tests. Howeyef , the Math Atti- 
tude Scale was not a significant predictor for the 60" college men. Vfinaliy, 
there were statistically significant part correlation coeff icients for both 
males (r = ,33) and females (r = between Math Attitude Scale scores 

and scores on a retest of t{ie 'Cooperative Mathematics Pretest ,for College Stu- 
dents, after yiifial scores on, the latter variable Had been'' parti a led/ out. 



Attitude as a_ Moderator Variable ' > \ 



The Aiken and-flreger (1961) study is. an illustration of the multiple corre 
lation approach *t6^S^ibtion 5 in which measures of attitude and ability were 

w j • ' 'V. ,r " ' . • \[ '\ * 

combined in a regression equation tor predict achievement. A second prediction 
« approach is toljw attitude fs a moderator variable and to 'determine the corre- 
lation between jability and acrfievement separately at ea<Sh of several levels of 

...f a ,t*^V^% 711113 * may be dis4c ' overe ^ that the correlation beiwLn .ability and . 
^achievement varies with attitude. >S| i \ >*- N > 

* f Cristantiello^s study (1962) is an example of this moderator vari|ble 

>. approach. College sophomore "Wi (N » 264) were classified by ; area* o^ajotfr* 
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(business administration, social science, natural science), an4 within each 
of these areas further^ divided into three levels (high, middle, low) according 
to their scores on* a scale of attitude toward mathematics. Then the correla- 
tion between 'scores on *a measure^of .quantitative ability (ACE-Q scores) and 
Aathema|fi^"^ for.eac^ of ' the nine major areatx 

attitudl level groups . c correla'tipns. between ACE-Q scores and mathematics 
t grades were ^significantly more* positive' for students 4 with middle attitude 
scores, and .-significantly lower fir those with low. attitude scores. These X 
results couid Apt be explained by differences .among tUe groups fn variances of. 
either grades or ACE-Q scores. ' 

Although CriStantiello's results could bear replication, -they may be inter- 
preted as. 4jjdicafing ( that mathematical 'ability may be a less impordnt deteY- 
miner of the 'acft^emettt o£ students haying more extreme attitudes toward mathe- 
matics than of those having more moderate attitudes. Related to these findings 
is Jackson's (1968) conclusion that' attitude scores ipthe middle range of* 4 
values havye Uttlejrela^on to achievement.' He maifvtains that it is only at 
the extremes^-highfy; P os ^iveor highly nega^eW-that attitude affects 'achieve- 
ment in any significant,^^ then it is reasonable to 
expect tfiat in the midd^^^^attltude scores,- as was* found by Cristan- . 
^tieilo, ability scoresi father than attitude scores will be more accurate pre- M 

of achievement. ~ - - 



dictors <br determiners 
An international Stud 



^Attitudes and Achievement 



In an intewi^j^ to compare the mathematics achievement 

of 13- and 17-year-old (te^bA^r secondary) students in a dozen' countries 
(Husen, 1967), extensive data^b^ern/ng attitudes ,' interests , and certain ether 
variables were also collected/^ Th^ee of *the fiv«f attitude' scales v^hich were- 
administered were described'as measures of * attitudes toward mathematic^asta*', 
process, attitudes about the difficulties 'of learning mathematics, and atti- 
tudes about the place of mathematics in 'society/ One- of ttte findings concerning 
scores o£ the first scale— a measure'of tne^xgent to which mathematics is 
viewed as fixed, as' opposed to developing or^anging-- was that in all countries 
studied the upper- level, (older) studenCs' 'considered mathematics as less changing 
than did the lower-level (younger) students. There was * also a tendency for stu- 
dents in countries' in which the "New, Mathematics" was taught to see mathematics 
as' more open and changing. 

With respect to scores on the second scale— a measure of the perceived ' - 
'difficulty of learning Mathematics— uppe.r-level students tended L perceive 
mathematics as more difficult and demanding. Interestingly erigugh, scores on 
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tfcetfiird scale— a measure of the perceived roll of mathematics in x contemporary 
society— indicated that mathematics was viewed aW'less socially "vital or ' 
valuable by students with the longest exposure to it and by students in 
countries where English istspoken. \ . f t 

Soms-of the correlational results pf this international investigation' 
were: significant negative rank -order correlates! between mea'n mathematics' 
achievement, and mean scores across countries on thl^ attitude scales; rather' . 
small correlations between 'achievement and attitude within countries ; moderate 
to Jugh correlations between achievement and interekt measures within countries 
In summarizing t|^ results referred to above, the althor (Husen, 1 1967) con- 
cluded: "We may say, in general, that in those countries where achievement i* 
high^ pupils have a greater tendency to perceive' mathematics as a fixed and 
closed sysfem^as difficult to learn and for an intellectual. elite, and as 
important to the future pf human society 1 ' [p. ¥5]. ' ' ' \ 



t 



Relationship of Attitudes to Personality and Social * Factors 
Anxiety and* Attitude . " ^ , * 

^ '.As 'was noted above, an attitude is emotional „as well A as* cognitive , sa some/ 
, relationship betweexTa irfea&ure *of attitude 'and* a measure qf anxie ty" toward-' a- - 
particular school subject Should be expected. In adaption, anxiety and atti-* 
tude may be either general or specific, pertaining to only one situation or " * 
Went ^or. to many. In this regarded dumber of studies during the past decade * 
have related scores ^gn Casteneda^s Manifest^ Anxiety, Scale" (CM^- -presumably a 
measure of .debilitating anxiety— to* performance in mathematics (e.g. \ McQpwan, . 
/^™L K l e ? e > 196lT - PPY^^Xk ^ n £ s ~ e * stydigg haye founjtWll>ut .statistically 
significant negative correlations between manifest^anxiety and achievement,, 
correlations usually somewhat lower than those between attitude and achievement- 
xn a specific subject. Thus, Reese (1961) obtained a correlation of - -.25^^ 
- between CMAS scores and" the arithmetic achievement of fourth- and -sixt^-grade • 
•girls, when IQ was patftialled out . ' 4 

General' and specific attitudes , ""The relationship between attitude toward \ 
/ ^°f^ m ^^ k i ^S ene ^ al and . attitude toward mathematics in particular has aXdo 
been instigated,, although here there is 'an apparent inconsistency in the finoV 
ings of/^Wcf' investigations. In a study conducted in Sweden, Werdelin j(1966) « 
administered a questionnaire concerning attitudes toward school- work and mathe- 
matics to. ninth graders. A close relationship between attitudes toward, school 
* wox*k in general and attitudes ' toward mathematics *'was reported. This finding 4 
' contrasts with that* of Aiken and Dreger (1961): {a test of independence between 
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scores of college students * on the Math .Attit$}e S^cale and t^kconBS on four 
\, /. iten ) s designee} ;to measure attitudes :towara*school work in geneM&L % was not- 

significant. There are Several possible explanations for .the^fference. -between. * j. 
'the findings d$ the two investigation's: age level, nationality, and the mea- \ * 

• • ^ suring instruments were po* equivalent 'in the*two samples. Nevertheless, i^is" '* * 
• ^ possible to construct, an inventory to measure anxiety, or attitude (Aiken and / ° * 

Dreger, 1961) which ii fairly 'specific to mathematics. \ 

. *~ ' . ^ . ' ' . " * 

* Intellective Factors • s * ' 

• ' ' * • - - , . * - • ** V 

— . ' Although it has been obser\*ed that "general ability to learn is ass6&a*ed 

;< with liking for arithmetic (see Brown and Abell, 1965), -typically, haveTrVaer * 

low measure of anxiety and attitudes toward school subjects, have rather Sow 

correlations with measures of intellectual* ability (Aiken, 1963; Drefce* a.nd . i\ 

* '> . Aiken, 1957; Lindgren et al. , 1964). Dreger and Aiken" (1957) found, fo^exa^p|e\* \ 

. ^ that reported anxiety in the 'presence of mathematics had a< statistical!^ insi-g* , 

nificant correlation of -.25 with'.ACE Quantitative scores and 'a correlating 

J of on^y - %0 8 with ACE linguistic scores ' Lindgren et al! ,6.9*4) found nea^S'V 

zero correlations, between Carey's (1958), measure ?f problem-solving ,att*Wde • ' 

- >- and- intelligence test scores in a group, of fourth-gr^ade pujtils in* Brazil. For'*** 

a group of 160 college women, Ai^en (1963). obtained ah insignificant correla-^* 

tion betwegg^ath Attitude Scale scores and' Scholastic Aptitude Test? (SAT) yer- v , / • 

bal scopes /-but attitude scores were significantly correlated with SAT Quariti-* 

tative scores \(r !^*v37*). • • * ' * T' 

Two comments concerning these data, maybe "made. Actually, one might expect ' - 
Attitude toward a specif ic/subject to be Significantly rented -to a measure of , V- 
\ .ability in that subject. * This is because measures of specific ability and 
-- sfSSctfic acnievement\i^ given area we-clo^Jy-eS^^ed,. ^achisve^nt .; ^ ; ^ 
affects ijrtstituae ^nd, vice versa., In add^gi J^f^signJ^ant correlation d% * ' ■] 
t .37 between attire ' a^^^i^^c^h^fe^omen studies in the Aiken . \. 
(1963) study is consisted^! th unpublished daFa^piiected by the writer demon- ' I - 
seating that attitude scale scorea^e more highly correlated with, both ability 
' and achievement me'asures in -the^a^e of. females than i» males-. The^eader wilL ' 

• • a ^ S ° recaU the res | 1 / } ts of . :a " investigation summarized above (Aiken and Dreger, V ' 

t - 1-961) in which at^t'tide was 'a^ai/gnifgnt predictor of- mathematics achievement , v- ' , ' 

• for females but not 'for males.' The factor of sex differences in attitudes to- *, 
. -ward mathematics will be d'iscusse'd" in "more "detail below. , > v ,. k*- 



Social Factors 
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0ne possible 45cial deterWiner 'of attitude toward mathematics is .the atti- 
tudes of one's peers. Shapiro's (1961^-findings indicate that peer attitudes 
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jin elementary school may indeed be influential, especially in the case ofgirls. 
"The social influences of ■ parents and teachers will be treated in detaUin later 
sections, of -tMs review. Otherwise, the effects of social factor on attitudes 

• toward mathematic^appear to be reJaiij^u^^ortant . The fact that negative " 
math attitudes are not produced' by .only one-type of school system 'is, doctmente^ 

, by McOermott (1956), who found'that -the backgrounds of students who -.were afraid 
of mathematics ranged from dne-room rural^schools to large city school systems. — 
Alpert et al.v(1963) also referred to measures of .parental socioeconomic sVatus^ 
'as-. being include* jn their investigation, but apparently they were not related' > 
.^mathematics attitudes, in any significant way.^ Lindgren et^l/(l964) reported 
an essentially zero correlation between -sociofcnomic statu? and Carey 's (1958) 
_ measure of problem-solving* attitudes and HungeVman (1967) obtained negligible { 
correlations between socioeconomic status and mathematics attitudes in a group 1 
•of sixth graders'. ,.»*;''•• 

' • , ♦ v * Althou ^ h th6re l is some evidence that higher mathematics, achievement goes . ' 
' 'with' a^ighef socioeconomic, environment (Cleveland, 196,1) ,, mathematics test ■ ' . 
' scores are.-usually not as Righly relays' verbal test scopes' to socioeconomic 

* status (Karas, 1'96«0. kapas (19 64) maintained that the home environment" has a '. 
greater effect on performance, in more verbal subjects than in subjects such as. 

, mathematics that are more highly loaded with less familiar symbolic material.. 
Considering, the^psitive relationship bejtween. attitude and -achievement , one' may 
generalize fro^Karas' findings that socioeconomic status and perhaps other 
^ ■ home factors have le^s effect on attitude toward'mathematics than on attitude 
. toward more verbal! subjects . The writer is not aware of any research specfri- 
. cally designate test this hypothesis, but a.numbfer of studies have been coti* . 
kerned with *be relationships of parental attitude* and encouragement to- student 
- - attitudes •towara'-mathe'matics..'' - 'A*~ • - - ..v-W- . v J") 

Parental /Influences * - ' ' \ . « * 

*> > •. 

According- to Poffenberger and Norton (1959), parents affect the child's - 
at^ude and performance in three ways: (a) by parental expectations of child's 
achievement; (b) by parental engagement ; (c) by parents' own. attitudes.' A? 
: - evidence for their hypothesis that the conditioning of children's 'attitudes 
U occurs ^n the, family^ the^ cite the results S f a/study of 390 University, of . 
^California freshmenf The students filled out a questionnaire concerning ±heir- - 
own attitudes and (he attitudes and expectations of their -parents . The findings 
• were that the students' attitudes toward mathematics" were positively related t 0 : - 
how they "rated their, fathers' attitudes tjowatfd mathematics. | Tb.e attitudes, of. '• 
the students were also related to th^ reports of the level', of achievement in - 
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mathematics which their fathers and mothers expected of them. PoffenbergejW and 
'Norton (1959) suggested that attitudes reported for mothers* were not signiri- 
cantly related to students' own attitudes because only a small number of,stu- 



dents indicated that their mothers liked mathematics . . , 

. In a further*, analysis of self-report data, Poffenberger '(1959) fo^nd tha/ty— . 
college students who reported a distant relationship with their fathers showed 1 
a significant tendency to perceive their fathers as disliking mathematics. ^Tn 
contrast, students who reported a close relationship with their fathers did, not f 

differ from the total sample of students in their ratings of their fathers; w 

N • * / /* 

N attitudes toward math^ However, Poffenberger did not .interpret these data as , 

offering support for the hypothesis that attitude* toward mathematics is cfiufsed' 

by the warmth of a child's relationship with? his father — the masculine identi- . 

fication model. "Rather, the results were seen as being due to a generalized. 

perception on the part*of students, viz.: children who feel that their/ parents, 

dQ not like t£em (since they are not close to them) perceive "the parents as/ 

v negatively ^oriented to othep* aspects of life as well, for ^example mathematics . 
The relationship Between masculine identification and attitude^ toyard ma the - 

. matics will be treated in more detail below, but several other studies concerned 

♦ vi th parental attitudes arid expectation's should be reviewed first . 

Aiken and Dreger .(1961) fcJund'no significant relationships between Math 

n • > ' 'is 4 

Attitude Scale scores and student reports on the degree to which parents 
emphasized and encouraged^ sbti<5ol work when the students were children.' It 
'is noteworthy that although none of ^the correlations for male or female stu- 
dents was significantly greater than zero, the correlations for females were 
uniformly more positive than for males. / 

v ■ ' l/'< ♦ > ft A ■* % 

* » ±„ , T^ e t ^ 1] v e ® s^udies^ reviewed ^above were concerned ^ith^stud^n"(;^ report s^of , 

the expectations and attitudes of their parents. More direct information on 

the relationshipsL>f student attitudes to parental expectations and attitudes 

was obtained by Albert et al. (1963). and Hill (1967)\ Alpert et al. (1963) 

developed a parental interview and questionnaire, to determine the extent to 

which parental attitudes andf^alues are consistent* witn, those of the School' 

Mathematics Study Group and /affect the attitudes of their seventh -grade^ Chil- 
li * * ' • \ -^e 

^ dren toward ^mathematics/. These were the results: , (a) student attitudes, for 
bojth *boys and girls, were positively correlated ^fcbh , the amount of mathematics 
•education^ desired by parents for their children;. (b),boyjs' attitudes were 
positively correlated, with the^importance which their^ parents placed ori\grades 



\ ^ 

^and with parental demands for higher grades, vhereas girls 1 attitudes toward 
mathematics were negatively related to the importance jbhat th^ir parents placed 
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on mathematics; (c) student attitudes for both boys and girls were positiye^r 
cor*ela*ted with parents 1 views of competition as necessary in the modern world * 
and as g&od. An interesting sex difference also occurreti'with respect to. these 
parent variables.' Parents of boys who had positive mathematics attitudes tended 
to< view* the «goai of a Junior-high mathematics J^ogram as f 'to aid the intellec- 
tual development of the ^child'Y parents , of girls who had positive Mathematics 
r attitudes tended to see the goal of a junior-high mathematics program as 
"ability to deal competitively with practical everyday problems. 11 Conversely, 
the parents* of' boys with ^negative" mathematics' attitudes saw the goal of a 
junior-high matnematics program as ''ability to deai. competitively with practi- 
cal everyday 'problems.," whereas, the parents of girls witli negative mathematics- 
attitudes tended to view the .goal as /'to aid the intellectual development of ' 
the child." . 

m Hill (1967) interviewed the fathers and mothers of 35 upper-middj.e-class ' 
boys and* administered a questionnaire concerned with altitudes "toward ' 
maties to their sons, He' found a greater similarity between the ittitudes^of 
toothers and sans, tha*n' between the attitudes of 1 father^ and 'sons.. 'The degree 
of similarity in attitudes between moihers and. sons was related to maternal 
warmth, use of psychological control techniques, and low paternal participation 
in child rearing. Parental attitudes and expectations for their sons were not 
• significantly related, buttons did show greater accordance with the expecta- 
tions of their ^fathers than with those of their mothers. The variables of 
father warmth and defree^of participation in, child rearing pere positively , ' *. 
related to degree of sons 1 accordance with fathers' expectations. Also, fathers' 
who had greater expectations of masculine 'behavior in their sons_a*d who viewed 
nfatnematics as a -masculine subject ^had a higher level of aspiration in mathe- 
matics for their'sons. Quite obviously, Bill's (1967) data ^annot^be handled 
a4equately by the theory that positive attitudes' toward mathematics are a*ue to 
^l5^ lne , identification - But. we need to look a little* further into the data 
on^t dif^r^nces and masculinity vs, femininity of ^interest before , drawing 
contusions aWuf^hV jdejua^^ hypothesis-. L 

e ' ^^^-^ 

Sex Differences , \ <^%&*,^ »>»V» K v - ' ■ 

No one would deny that sex^can be an iniportant' moderato^^ ^ 
prediction of achievement .from measures of altitudes and anxiety. ^he~resultstr^ ' 
of several of the investigation^ ^qcussed soyfar (e.g., Aiken and Dreger, 1961; 
Reese, 1961) have suggested tha^easures of attitudes and anxiety* may be better 
predictors of the achievement of females than of males. Traditionally , mathe- 
matics has been viewed as more of .a man's' interest or occupation, and-. ~ \ 
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^ consequently ope might expect that males would score higher than females on 
** tests of ability and achievement in mathematics and on scalesjs&gf Attitudes * 
toward mathematics, frorms 'on the mathematics sections ofytfests like the . 
Differential AptitiAle Tests and the Scholastic Aptitujie Tests do indicate 
higher mean scores for males than for females at the high school level, a sex 
difference which has be,en interpreted as being produced by .greater cultural 
reinforcement of interest and pursuit of mathematics in males Wt the higher 

' grade levels.. Although boys have traditionally been viewed asAbetter than 
girls in problem solving^ (see Sweeney 9 1954), one recent study of Eleventh 
graders (Meyer and Bendig, 1961) found a superiority , on the parli of girls in 
the number and reasoning factors op the Primary Mental AbilitieslTesjtv^ Two 
recent studies of sex differences in arithmetic at the elementaryVschool level „ 
found no difference between tne performance of boys and gitfls or a ,sypcriority t 
on the part of girls, depending on the test and the grade level '{Snapiro , 1961; 

.>Wozencraft, 1963).' * . " , " - ■ 

* .» , , ' * " " ' * ' ' 

More specific to sex, differences in attitudes toward mathjematici^re ' ^. 
Strigfct's, finding (1960) that elementary-school girls-liked arithmetic better 
than the boys, and Dutton's (1968) finding that girls, and boys who had studied 
"new math" were about equal in their liking for arithmetic^ On the 1 ' other hand, 
I /in stttdies.*at the' college level (Aiken and Dreger, 1961; 'Dreger atid Aiken,* 
1957), the reviewer ha* consistently found a significantly more* positive mean 
attitude toward mathematics in jnales. 2 Assuming equivalent .samples , the differ- 
ence between the results at the* lower grade levels "and at the college .level, may 
be duef as was n6ted above, to differential^ cultural reinforcement for males in 
mathematical endeavors,- beginning at th.e secondary school level. In addition, 
any ^expla nation of the, discrepancy in results must take" into account interr^ 
actions between the sex variable and accuracy of attitude ^measures in tfye 
ier school -grades,, desire to please the teacher, a'nd.rate.bf academic^ 
luxation.. in general; • v. . * 

-f « Mas eWi n i t y-Femj n i rfitjr of Interest f ' 1 

♦jpjJT A h&t uncommon finding concerning" the interest patterns of those jwho like v 
and dislike mathematics is that reported by McDermott ^lgse)^ in a 'case-study * ** 
comparison of 34 college stjudents who^ fear.ed matn with seven students* who 
jtfepe'proficient^in the subjeqt. McDermott' found that those who had developed 
a fear of mathematics preferred £nglish y social studies, and the arts, but 
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.--^^J&^i^ attitudes tow^rd^mathematics of 264 Fairleigh ' 



Dickinson University/gi^ents , Roberts (1969) reported no. significant sex 
differences in attitudes, but engineering students held more positive at;ti^ 
tudes than stuc^ejjts in terminal mathematics Kp^ograms,. " ^ . • r \ * 

• • ■ • . •>". V • ,. {' ' . ..' 
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disliked the definiteness of .mathematics .—The' students who were proficient in 
^ r mathematics were critical of the vagueness of the humanities" and were not 

interested in„ majoring in the area. A Hypothesis- related to McDermotVs find- 
ings a'nd referred to in Feierabehd.'.s earlier review (ifeoj is tthat interest an J d 
^ ; ability, in mathematics are a consequence of masculine* identification . What 
research tests of this hypothesis have there .been since i960?" 

As*a test of the above hypothesis r Lambert". U960).kminister*ed the' ACE, an 
4 • arithmetic skills test/and the'MMPI to 1372 U.'c.L.A. undergraduates. .Group 

^1 consisted of 80 students in advanced mathematics or. physics courses," and 
. . Group IJ was composed 1 of 1292 senior Ration students ,. Contrary' tt> the 

^masculine-identification hypothesis of Plank and P^ank "(1954) , Lambert found no 
correlation between mathematical proficiency and MMPI Masculinity-Femininity' 
(Mf ) scores in either sex in any of the groups. In addition, the mean*Mf score - 
of th^ 10 female mathematics majors was significantly more- feminine than that 
• of the 744 female education majors. Finally, there was no significant differ-, 
• ence between the mean scor.es of the male' mathematics major^ and' the male educa- ' 
tioa majors on the Mf scale\of the MMPI. As. a comment on 'thfs investigation, > 
~ the comparatively small' number of 'female ^hematics majors casts some c^bt'on * 
the generalizability of the results.. In addition, the factor of general 
intelligence was not controlled and may have affected the results'. , For example, 
th6 selected group of mathematics majors may have been, more intelligent and, 
therefore, perhaps more interested in cultural (i.-e?., "feminine") pursuits than 
.typical persons with positive attitudes toward mathematics..- Also, it 'is uncer-^ 
tain how representative the grqup of education majors was.of .jthe general collegf 
population - t a comparison group random^ selected from all major fields should"" 
, , ^aWbeen chosen. Finally-, the . MMPI Mf scale is not necessarily the best meas- 
ure of masculinity r femininity. of interests. In any event "V study ,iik.e Lam- 
bert's (1960) is fairly .easy to carry out, and'at should, be replicated and ' 
t extended, in light of the criticisms made above, at other schools and collets 
f" J' " - I'" * '"71 " - --t - r ■ r - • , 

-In another test of the masculine-ide^tificatiori hypothesis at We college— ~ 

level, qarlsmith (1964) obtained student reports of the length of time that ' 
their fathers had been absent 1 from home when the students were children. These ' 

^ . time reports were compared to the students' scferes on the Verbal and Mathematics 
sect-ions of the Scholastic Aptitude TWjpT) and to the difference 'between 
SAT-Verbal and SAT-Mathematical scbres., *he results ,„fee that, for. both boys' 
and girls, the longer the, father wis absent from the child during early child- 

. hood," the lower' was the Matter's math score relative .to his verbal score. An 
additional finding was, that if the father „as absent^for a short period of time 
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during a boy's adolescence, the^boyVi mathematics scpre was higher than in n 

' , % > — W * % 

_cas(es where the father was not absent at this time. As a explanation of these 
results, Carlsmith\dismissed JtheiJiypothesis that separation f^rom the father pr,o- 

* duces anxiety and Anxiety affects mathematics §cores more, than verbal scores. 

He maintained that' the masculine^conceptual approach, which is necessary to 

achieve in mathematics, is acquired through close and harmonious association 

with the father. Certainly Carlsmith' s investigation ,| li^e that of Lambert 

(1960), bears replicating, because there is art apparenjt disagreement between 

" i 1 »_ ... 1 

the results of the two studies. Again, however, oneHmSsf be cautious about the 

"method used to measure , masculine identification. , As a t way Qf. linking the 
results of the Carlsmith and Lambert' Studies, it may be o^» interest to deter- 
mine /the relat;Lonship v between father absence during early childhood and scores 
on a masculinity-femininity interest* measure such as the MMPI4if scale- 

1 ' " ° J ~ • * ■ 

?he purpose t of a, stud^ by Elton and Rose (1^67) was to test the hypothesis 

that girls avoi^l mathematics because they view it as a masculine activity. It 

was predicted that girls w^io had high scores, on the English section, but- only > 

average scores on the Math section of the American College Test (A£T) would 

show more,. feminine interests on the ^Omnibus personality Inventory (QPI).' ,In 

contrast, girls with average scores on the AC^nglish^fcfion and high scores 

on' the ACT Math *section^nould manifest more masculine i^^rests^on the O^I. 

The scores ori the ^ACT and OP I of females injthe 19^1965- glasses a$ ;the.. ( 

University bflfentucky were analyzed.. Students' scored -Wre classified as lowJ*- 

^\ T 2. ' ' v > v*. 7 » 7' * , 

average , and* high on the ACT mathematics and English tests Kand the ..data on , - 
students showing seven of the nine possible combinations (e.g/VsMgn in English 
and low in mathematics*^ low in English and average, in^mathematic: 
lated by- multiple 'discriminant^ analysis to the factor acores^rrthe t l6v OPl 
scales. The results indicated that girls in_t^ tiigh English-aveVa^^at: ' 



matics group were more interested in cultural and artistic (i.e„, more feminine}*^ 
matters ,»wher^s girls in the average English-high mathematics group hac^morey 
theoretical aria fewer esthetic (i.e., more masculine) interests. The differ - 
ence between masculinity-feminity of ^ interest was also in the predicted direc 
tion for the low ^English-average mathematics and average English-low matheraaticsA 
groups, the former group showljig more masculine/ interests^ on the &PI than" the «' 



, Another interesting hypothesis of Carlsmith (1964) is ttvajt ^aptitude for' 
mathematics* is ;fairly well"establishe"d by the 'fourth grade and higbM resistant 
to. change during subsequent years. But mathematics aptitude is certainly not . 
a unitary factor, and the different mathematical abilities presumably mature at 
different rates and are differentially affected by experience. A thorough longi-' 
tudinal study is needed to trace* the 'grqwth of various mathematical abilities 
from preschool onward $ assuming that appropriate tests of such abilities can be 
constructed. j ■ j • j .j t ; p ' } ^ ~ \ I :\ 
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latter group. JThus, as in 4 the Carlsmith (196*0 sljudy, masculine identification^, ; 
or masculine role, was a predictor of large differences ( between verbal and 
mathematics scores on a "college entrance test. 'The findings of Elton and Rose 
(1967), ipwever, are perhaps mire easily accepted and interpreted than those 
•of Carlsmith^ because- .tM%^«tnpt require that we reach -back tfi an event in a 
person's early childhood^as an explanation of , the difference between his verbal 
and mathematics score^ on a college admissipns test, Many of the items on the 
•OPI concern interests in reading* science, and otfcer verbal-related and mathe- * 
^ - y 'fetics-related^gits. And *it is- not surprising Jh^girls'with more verbal- ' 
r 4 / related (viz., "cultural") interests, as measured by "the OPI, should also have 
higher verbal -ability than mathematics-ability scores, whereas girls with more 
mathematics-related (viz., scientific, theoretical) interests should have higher 
mathematics-ability than verbal-ability scores. It is not necessary to argue 
whether the scientific-theoretical (masculine) interest or the mathematics 
ability came first, -or whether the cultural (feminine) interest or the verbal 
ability came first. The two factors— interest and ability— form a mutually 
reinforcing system. There are obviously many other factors that enter into the - 
equation, >ut in general people tend to like those things which they do well-, ' 
and,- perhaps to a more limited extent, they tend to do well in those things 
ythey like / , ^ * • ' 

«< p. • * 

Sex role is only one of the personality variables which are related to 

attitude toward and performance in mathematics. Obviously, there are many 
.sources of within-sex differences in' attitudes . Thesi differences in attitudes," 
are r certainly related to differences in ability, but- they may also be related 
, to other personality variables. % In addition, it may be of;, infcefest to review 
K some of Jie investigations concerned with the 'relarionsfuBS between achievement 
in maf hematics and personality variables other than sex role, since the results 
may shed some light on the dynamics £f attitudes toward mathematics. * *' 
Other Personality Variables * 

Correlations with attitudes . In an initial .study employing tne Math Atti- 
tude Scale, Aiken and -Dreger (1961) found little relationship between mathe- - 
matics and scores on the seven scales of the Minnesota Counseling Inventory 
(MCI). The MCI Leadership scale had the highest qorrelatidn'with Matt) Attitude 
scores for the 60 college men (r = -.21),, and there was a low but signifi- 
. cant positive relationship between*' the Math Attitude Scale scores and the MCI 
Adjustment to Reality scale '"scares of 67 college^ women. More 'evidence of the 
' relationships of mathematics attitudes to a broad constellation of personality 
variables was obtained by Aiken' (196^)! For 160 college 'women , scores on the . • 
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Revised' Math Attitude 
total of 40 scales on 
logical Inventory (CPI 
and the Allport-Vernon- 
Mathematical test were 
statistically ^signi: 



At 




significantly correlated with 15 .out \>f a 



personality inventories— the California Psyphp- 
ixteen Personality Faotor Questionnaire (16 PFQ), 
tudy of Values, CSV)*. , . When scores on the SAT- - 
out, six of ihe 15 , correlations *were still 
correlations between- mathematics altitudes and, 



CPI Dominance, CPI SeTf -Control j CPI Achievement via Conformance, ((pi Inteflec- " 
tual ^Efficiency, 16/PF0 Integration, and SV Theoretical Scale-. .'Aiken < 1963f), * 
interpreted these res-ulys as demonstrating that, high scorers on the. Revised \ 
Math Attitude Sea Je, with mathematical ability controlled j tend to be more 
socially and intellectually mature, more self -controlled, and £o4iave more^ 
theoretical interests than low scorers on the .scale. ' * * 

Correlations with! achievement . Feierabend (1960, pp. 21-23) devoted three 
pages of her review td research* relating personality variables to achievement , 
in mathematics. Sinci achievement and attitude 1 , are related, ifc may ^e worth*- _ s , 
while to summarise briefly the results of two studies on the top % ic which have 4:% 
been completed since 196a." In a study of sixth -grade pupils, Cleveland (^96X)' 
divided the t group inti three IQ ranges: 75-89, 90-110, and 111*125. Although 
scores on the California Test of Personality (CTP) did .not significantly dis-" 
criminate' between low pchievers and high achievers in mathematics damong ctiil*, 
dren in the 75-89 ana" 111-125 IQ ranges, there were several significant * 
differences dn personality test scores between low -and high achievers in the, 
90-110 IQ. range; liigh achievers, in the 90-110 IQ range 1 had significantly ■ 
higher scores thah low achievers on CTP Sense of Personal Worth/ Sense of Per- 
sonal Freedom, ap& Community Relations.. The investigators interpreted the lack 
of significant differences in personalitv between low and hich achievers in the » 



signif 
75-89 arid 



ss in personality between low and high achievers in the 
lll r 125^ IQ ranges as being due to the greater influence of in- 
tellective factors in these ranges ' 



( 



Collectively, the findings of studies relating personality variable 
mathematics attitudes and mathematics achievement indicate that individuals 
with more positive attitudes and higher achievement, tend to have better personal 
and social adjustment than those with negative attitudes and low achievement. 
Thes'e results must be kept in perspective, however. The .correlations are rela- 
tively low, anc ^t is a truism that correlation does not imply causation. Per- 
sonal-social adjustment, attitudes, and achievement not only interact with each 
other, but they are the effects of other home, school, and community variables . 
Recent research on the home variables -has already been examined, so we now >turn 
to the school and especially to 1 the teachers # of arithmetic and mathematics • 
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It is^atfier generally held that teache^ attitude and effectiveness in a 
•particular subject are important determiners', of student altitudes, and per- 
formance in that subject. As an example of Usearch bearing on this supposi- 
tiorf, Torrance etal. (1966) studied- 127 sjfcth- through twelfth-grade mathe- 
^ matics tethers who participated in an experimental program to eValuaje SMSG 
4 ' instructional materials. <~«Pre- and posttests of' educational and mathematical 
progress* aptitude, and attitude were administered, with 'the' result that tea- 
- cher ^effectiveness had a positive effect on student' attitudes toward teachers, 
methods, r and overall school climate. ' f . 

It is also true of course that students who do not do well in a subject 
may develop negative attitudes toward that subject and blame their teachers 
for their failures, even when the teachers have been conscientious. Thus/ijt ' *! 
is possible to interpret the finding s of Aik e n a n d D*e ger (1961) as being due / '• 
as much %o "sour grapes" on the part of the students as to objective character- , 
istics of their mathematics teachers. A result of this investigation was" that • 
college" men, who disliked 'mathematics, as contrasted with those- who liked mathe, 
matics, stated that their previous mathematics teachers had been more impatient 
and hostile. College women, who disliked mathematics, in contrast (to those who, 
liked mathematics, tended to .view their previous mathematics teachers as .more ' 
impatient, not caring, grim, brutal, 1 dull, severely lacking in knowledge of the 
subject ^.and not knowing anything about how to teach mathematics . In many of 
-the correlational studies' to be reviewed 'below, there will be a similar' problefn 
of deciding which variable is cause and which- effect, or, as was discussed 
above, whether the two variables form a mutually reinforcing system. In spite 
of the 'difficulty of making clear interpretations , the. results of these investi- 
gations may stimulate more controlled research on the topic. 

• • -*» 

Interactions Between Teacher Attitudes and Student Attitudes ■ 

. Garner (1963) administered an .inventory- of attitudes toward algebra to 
15 first-year algebra , teachers, and their 873 * Anglo-American and ? Ysfo '' Latin-.. ■ 
American, pupils in a Texas school system at the beginning" and end of the school 
year, .atandin^s in beginning attitudes, in judgments concerning the practical 
value of algebra, and i,n algebra achievement were significantly higher in Anglo- 
American than .in Latin-American- pupils. Significant relations were found ? 
between: (a) teacher's background in mathematics and s|udent achievement in - 
algebra; (b) teacher's attitude toward algebra- and students* attitudes;. ■ " ^ 
(c) teacher's and students* judgments -concerning the- practical value of ' 
algebra; (d) teacher's attitude. and changes in attitudes ^toward algebra in the / 
Latin-American students. ' 

"'*••.*■ « • ' 23 ; 
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Peskin (1964) studied the relationship of t teacher attitude and under- 
standing, of seventh-grade mathematics to the attitudes and understanding of ' 
students in nine New York City junior high schools. Correlations were computed 
between the scores of teachers and students on six tests of attitude toward* and 
understanding of arithmetic and geometry. The correlations between teachers' 
and s'tudentsV understanding of algebra and geometry were significantly posi- 
tive, as werfc the correlations between teachers' understanding scores and. stu- 
dents ' attitudes. The relationships of teacher understanding and attitude" to 
student achievement and attitude were complex. For students having very high 

or very low levels of achievement, the correlations between teacher under- 

\ • ' ... 

standing and student achievement were significantly positive in the cases of 

•Jboth arithmetic and geometry. On the other hand, the correlation between 
> teacher understanding and student attitude was significantly negative for the • 
very high level group in geometry. There was also an interaction between tea- 
cher attitude and understanding, in that teachers with a "middl^" attitude and 
^ a "high" understanding had students with the best scores' in geometry, but tea- 
chers with i "high" understanding and J'low" altitudes had students with the 
poorest achievement in arithmetic and geometry. 

. - ' I 

Cross -Ragged panel correlation . These^ results pose again the "chicken- 
e£g" dr cause-effect question referred to above* In short, do teacher atti- 
tudes and achievements affect student attitudes and achievements or vice versa? 



Simple correlation analysis cannot answer^this question, but # there is a corre- 
lational procedure which may give some information on which source — jthe pupil 
or the teacher — has the greater effect on the other's attitude and achievement. 
Camribeli and Stanley (1963, pp ,"H^-70) "have discussed sucfr a design involving 

time as a third variable, which they refer to as t "cross-lagged panel^ correla- 

— • * v . 

tion." As an, illustration o£ the approach, suppose that an attitude scale is 

administered to a group of teachers and their students at time 1 (pretest) 

and readministered at time 2 (posttest). Then the correlation between tea- 4* 

^chers 1 attitudes at time 1 and the means of the attitude scores of their 

students cLt« time 2 Cr.*) Is computed, as well as the* correlation between 

teachers 1 attitudes at time, .2 and the means of % the attitude scores. 8r their 

students at time "1 (£ 2 i^* Then ^ —12* "^SQ^f icantly more positive than 

r 0 _ , this is evidence that teachers 1 initial attitudes had a greater effect 

on final (mean) student attitudes than initial (mean) student attitudes had oa 

final teacher attitudes. rOn the other hand, if r 0 . Is significantly more 

' • h * 

'positive than- r 10 , this is evidence that initial {mean) student "attitudes had 

—1 2 , • • , : , S 

a greater effect on final teacher attitudes than initial teacher attitudes* did 
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on final (mean) student attitudes. A similar approach can.be used *6 study "the 
* effects of' teacher attitudes or achievement on student achievement, or«vice 

versa. The data collected by Garner (1963), where teachers' and students'- 
•attitudes and achievement were measured, before 4nd after some treatment time 
interval, lend themselves -to this sort ? of analysis. ' ' * .'• S 

Other data con^rl^g the'-relationships between teacher .characteristics - 
and student attltudls were reported by Alpert et al. (1963). They found that- v 
. boys' attitudes loward mathematics are more positive when the teacher is more"' 5 
' theoretically-oriented and involved, regardless of the teacher's sex. However,' 
there was an interaction between .teacher-pupil gender in teWof the effects ' 
on student "attitudes offmore subjective, interpersonal factor*? -such aS psycho- 
social concern. These interpersonal variables were found .to have a greater ' 
effect on pupil attitudes whetf'pupil and teacher were of,' the same sex. 

• Tlacher motivation cues. N A more recent investigation of the effects of * 
perceived teacher behavior on level of ? student achievement "also found some •« 
important sex differences. White arid Aaron (1967) classified 185 high-schdol ' 
junior and senior students as achievers, underachieve^, and overachievers. bv # i 
the differences in their percentile ranks on, the Scholastic Aptitude Test- " " 
Mathematical and an objective mathematics achievement test administered at mid- 
semester. ^ The students also took the Alpert-Haber. Achievement Anxiety Test and 
an opinionnaire^designed to assess students ' perceptions of the classroom j 
characteristics '"of their teachers, this procedure was an extension , of the. ' ' 
McKeachie' technique for obtaining measures of four types of motivating 'cues* 
used by the teacher in the classroom-cues for achievement, affiliation, order- 
liness, and test and feedback. The data for the si* student groups (male "and 
•female underachievers , achievers, and overachievejs*) were analyzed by* multiple 
discriminant analysis of .the four measures' of teaser-motivating cues and two"' 
student anxiety variables,. The results sMow that, in general, girls were more* 
sensitive than boys to the motive-arousing cues of their teachers,.. and. girls* 
were also significantly higher oh debilitating anxiety. Girls In all three 
achievement level groups perceived oTlow.Sr number .of 'teacher-achievement, cues 
than *|j|f. - a P d there "ere no significant differences among the three groups of 
girife'on thisNrariable. White an$f Aaron suggested that teacher r achievement . 
cues were'less effective with girls because the- girls, may already have been at* 
an optimum level of achievement motivation. ' Other findings were that high- ■ 
achieving students seemed to be more perceptive of teacher cues emphasizing ' ^ 
grades and 'success in mathematics, but underachievers perceived their "teachers 
as less highly ^achievement -motivated., Underachieving girls 'tended to perceive 
more affiliative, friendly, warm cues' and fewer achievement cues from the 
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teachers. 'Finally, girls in general tended to be more responsive to controlled 
conforming behavior on the part of the teacher and to react more to extrinsic 
rewards and punishments from the teacher. „ 

' Reasons for Liking or Disliking Arithmetic Among Teachers and Prospective 
Teachers 

t • 

Assuming that teacher attitudes can be communicated to -students and can 

* • s 

affect the attitudes and ^performance of the latter , it may be of interest to 
•determine wha£ percentage of elementary school teachers lifce^or dislike arith- 
metic and what their reasons are. ^ . j 

Stright (1960) concluded that a large percentage of elementary teachers 
really enjoy teaching arithmetic and try to make it interesting. But the . v 
teacher's age, education', and experience apparently haji little effect on her 
attitude toward teaching arithmetic,. It is a reasonable observation, however, 
that the attitudes pf elementary teachers toward mathematics are typically less 
positive than those of secondary school mathematics teachers (see Wilson et 
al., 1968, No. -9). 

Following a research program initiated some years ago by Dutton (-1951)", a 
number of studies during the past ten j^ears have been concerned with the atti- 
tudes of prospective elementary teachers toward arithmetic. In a survey at 

TT^C.L.A., Dutton (1962) found that 38% of 127 elementary education majors 

i * 
had unfavorable* attitude^ toward arithmetic. More recently, Reys and Delon 

Q968) reported thajr only about 60% > of the 385 - University of Missouri edu- 
cation majors wfcm they surveyed had favorable attitudes toward arithmetic. In 
Dutton's study X1962), those who disliked arithmetic gave'reasons such as: 
word 'problems ; /boring work; long problems; dull; lack of understanding. Those 
with favorable attitudes pointed to aspects of arithmetic such as: useful, • 
practical applications; definite j precision of concepts; fun just working with 
numbers. One shortcoming of Dutton's study* (1962) is that he attempted to f 
draw conclusions about changes in attitudes over the. years since an earlier 
survey was conducted by using non-equivalent samples. .If one finds thcfct a 
currentr sample of prospective teachers fills out an attitude inventory differ- 
ently from an, earlier sample, it could mean that attitudes have changed in the 
intervening years.* An equally likely explanation, however, is that the differ- 
ences are caused by sampling{"errors ' 

* % ' - 

In a' study quifte similar to Dutton f s (1962) and suffering from some o3£ the 



.jsame limitati^pV jSmith' (196U) compared £he attitudes of 123 prospective • 
teachers in the early 1960 f s with*those reported by Dutton for anpther group 
ten years before. .Among thereasons that Smith's (1964) subjects gave "for 
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disliking arithmetic were: lack of understanding; written problems; poor 
teaching ; /failure » lac£ of teacher^ enthusiasm; too much long work; afraid of it. 

^ In ahotber survey of prospective elementary school teachers' reasons for 
liking or disliking arithmetic (White, 1963), thermos* frequent reasons given 
for- disliking the subject were: working word problems; specific \skills such as 
division, fractions, square roots, and p^r cents; the manner in which arithmetic 
was taught in elementary school. Prospective 'teachers indicating more favorable 
. reactions to arithmetic, who were in the majority, gave the following -reasons' * 
for liking the subject: its challenge; its practical- application; ,itJ exact- 
ness; appreciation of specific skills; solving problems.' - 

_ The reasons given in thes* three ? studies (Du£ton, 1962; Smith ,1964; and 
^ Whi^e, 1963) for disliking^ arithmetic are quite similar. Some are stimulus 
variables--word problems, routine, boring work, inadequate teachers, and some 
are organismic or response variables— failure to understand an* fear^ A good 
estimate i>s that* these represent the reactions of approximately one-third of ' 
prospective elementary school teachers, and perhaps of college students in 
• general (Dreger and Aiken, 1957). * 

■» • 
Relationships of Prospective .Teachers 1 Attitudes to Their training 

Several investigations have dealt with the relationship between the atti- * 
tudes and achievements of prospective teachers in teacher-training courses. 
Unfortunately, the majority of these investigations have employed experimental 
s designs that were inadequate for answering the questions that the investigators r 
■- posed. The most popular designs— the one-group, pretest-pattest design and 
" the -static, two groups comparison— suffer from somewhat different, but equally 
-^telling, failures, of control (see Campbell and Stanley, 1963). ' Therefore , -the 
^results of tjiese investigations should be^ viewed as heuristic but «not c%:lu^ ' 
sive." > , v * " ' 

* An example of a pretest-posttest study having no cpntrol group is that of 
Reys and Delon (1968), in which the Dutton Attitude 'scale- was administered to ' 
386 University of Missouri students before afid after they took one of three 
courses in mathematics educatipn. , < The researchers f ound ^ significant 4ecrease 
from pre- to posttest in the 'percentage of students agreeing .with the following 
^ statements on the attitude scale: avoid arithmetic because I .am .not - very ' 
good with' figures," and "I am afraid of doing wordf problems An increase' was ' 
observed in y Jhe percentage of students agreeing with the statements: ' "Arith- 
meinc is very interesting," and "I like arithmetic because it is ^ractica}.*' * " 
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Dutton (1965) used a one-group design to assess .changes in both attitudes 
and achievement Resulting from intervening instruction. The subjects were* 160 
prospective elementary school teachers, who were administered an arithmetic 
comprehension test and an attitude scale as pretests and posttests. Although 
mea.n posttest score was significantly higher than mean pretest #core on the 
arithmetic comjfrehension -test , the rise in mean attitude scale scorg$was" insig- 
nificant, Dutton noted that 25% ~ of the prospective teachers maintained their 
unfavorable attitudes toward arithmetic in 'spite of f the instructions. - 

A similar design was employed by Purcell (1964), who was concerned vith 
the relationships of attitude change to increased undeifetanding of arithmetic 
concepts and to grades in an elementary arithmetic methods course. Although < / 

, pretest scores in understanding cqncepts wece positively correlated with atti- 
tudes and with grades in the arithmetic methods course, there were also la num- 
ber of negative findings. Pretest attitude scores were not significantly 
related to grades in the methods course, change in understanding of copcepts 
was not significantly related to <3te®g$*jA\ attitude or course- grade, and change ', 

- in attitude, was not related to course grade. However, there were* significant 
improvements in understanding of concepts and in attitudes toward arithmetic'. . 

In still another study along the same lines, Gee (1966) gave pre- and . 

posttests of 'basic mathematics understanding and att>£udes toward mathematics 

v ' ' ' ' f 

to 186 prospective elementary schoolNteachers in a required mathematics, con- 

A * . \ J r 

tent course .at Bngham Young University JL-^The following results were reported: 

(a) a significant improvement in attitudes toward mathematics and a'gaiirin 

basic understanding of mathematics by the students wh^le_ they* were enrolled in 

the .course; (b) a significant correlation be^tween^ pretest attitude and final 

grades; (c) non-significant correlations between* pretest attitude and change 

in understanding of mathematics; (d) a non-significant correlation between , 

changes in attitudes and changes in understanding of mathematics / 

Attitudes and v Trairii!&g in Experienced Teachers ' * 

In order to assess the relationship of amount of teachers-* training^and 
experience to their attitudes and understanding in arithmetic, Brown (1961) 
compared measures of attitudes and achievement in experienced and. inexperienced 
teachers. His findings vere" that the experience.d-teachers >had more positive^ 
attitudes toward arithmetic and a better understanding of basic ^arithmetic con- 
cepts, but no significant* relationship was observed between tfte dumber of years 
of teaching experience and either^ attitude or , understanding.-^ \ 

Todd ! s C1966) purpose was to evaluate the effects* of a course*, "Mathe- - 
matics for Teachers, V which was. taught 'in various locations throughput the^ 
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state of Virginia in on attitude toward arithmetic and change in under- 

• standing of mathematics?. He concluded^ that 1 the course produced significant 
changes it^attitudes toward -arithmetic an£ in arithmetic understanding for. the 
teachers who completed the course. - 

* - - - ' 5 

A Note on Gain Scores * > * 

Ifrss&y be" well- to insert a note on gainkor change scores at this point. 

-Since simple posttest ^pinus pretest difference scores are correlated wish pre- 
test scores, initial level of ability, achievement, or attitude *s not con- 
trollea when simple gain scores are used. One procedure for eliminating the 
^^correlation of gains with initial scores is to compute, as a measured gains, 

"the residual deviations of individuals 1 actual posttest scores from their pre- 
dicted, post tesj: scores . The 'latter are estimated from the regression 'equation 
fo* predicting postte&t scores from pretest scores. In a discussion of this 
procedure, Tho^qdike (1963) notes, however, that one n^ed not .actually compute 

,such residual g^ain scores in order to apply the concept. A more direct approach, 
is to first find the correlations^ of pretest and posttest scores with each other' 
^ and with whatever variable one desires to- correlate with the gain scores.^ pfen 
the part correlation between postl^t scores "and the third variable, with pre- 
test scores partialed $>$£of 'the former, is computed (see Thorndike, 1963; 
pp. 72-74). A similar technique may be used in comparing residual" gains on 
one variable to residual gains on a second variable^ 

• * * . i ' • *• 

One difficulty, with residual gain scores is $ the "ceiling effect": ' 
examinees with high predicted, posttest scores will not Be able to surpass their 
predicted scores as much .as' those with lower predicted posttest scores,. 
Actually/ there is no 'completely satisfactory way to' measure gains or. changes,, 
Vbut residual gain scores and the associated methods of part and partial corre-- 
, lation are preferable to simple gaj.n scores. T * 



TworGroup Designs, - ^ < t ,' . . 



The two investiga^ons»eumipari^ed'bel'ow # used a., two-group design, which- 
allows for mc*e» controller. extraneous variables than the one-group design* in, 
determining the effects of particular treatments . rf However in the studies to ' 
fee reviewed* the subjects were not assigned at random to the two groups; 
t attempts were simply made t6 ascertain that the two groups did no 4 t differ dti 
variables extraneous to the purposes of the investigations. '* 



^-^fC^^f^" 4 ! ^erested in determining whether formal -instruction in 
modern jnathejnaticQ, influences; teacher attitudes toward modern mathematics and ' 
toward mathematics in general^ fle mailed out questionnaires concerning experi-, 
ences with modern mathematics arid attitude toward" mathematics to a large number 
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_ sot elementary school teachers in Oklahoma, Four hundred of the 608 replies 

• were analysed by analysis of variance, chi square, y^and other statistical pro- 
cedures. From the results, Rice concluded that teachers who have had formal 
instruction in modern mathematics have more favorable attitudes toward modern 
mathematics 9 and toward mathematics in general than teachers who have had no 
such training. Among the teachers who reported, having had training .in modern - 
mathematics^ there was. a significant difference^ in the attitudes toward modern 
mathematics in favo^ of those who had taught in a modern program.' Attitudes 
toward modern mathematics were also more favorable among those who had more 

% graining m modern mathematics an4 among those with more than four years of 
^ellege . Finally, attitudes toward modern mathematics were 'found to be un- 
related to age , t experience, and sex. ■* 

. Strictly speaking, Rice's (1964). investigation is a correlational* study 

• rather than an experiment. Somewhat more "jexperimental" in nature is the 

* * / t ' • 

.investigation by Wickes (1967), who wished /tp determine the effects of two 

/ * ' • 

different arrangements of courses concerned with concepts in elementary school 

mathematics on prospective teachers ' attitudes and understandings of mathe- 

» , / • 

matics . In one arrangement, the completion of a specially designed onathe-' 

** / ' 

matics course was prerequisite to enrollment in a course in methods of teach- 

. fif $i. . / ^ 

ing elementary mathematics. A second anrangefnent was a single consolidated 

• course in which content and methodology j were interrelated. The "Control" group 
consisted of 65 students at Baylor University who had taken the first curricu- 

*luii^arrangement in two preceding years! and the "experimental" group was com- 
posed of 104 students who completed /the consolidated* course. Pre- and post- 
test scores on an attitude scale and a fundamental mathematics concepts test ^ 

_were available for both groups , and a/t was verified statistically that the 

•7 ' *f . • 

^two groups *were comparable in their pretes % t scores on these variables. The 

results showed that botj^ course arrangements produced statistically ^significant 
gains in mathematics attitudes and understanding of fundamental mathematics con- 
cepts. The control group showed significantly greater gains in understanding 

_ . - f ! 4 ' ' m 

^oipftathematics concepts, but the two groups did not differ in gains pn the 

attitude scale. Wickes concluded /that, all things considered, the two-course 

/ • 
sequent was more effective than the consolidated course. » 



In general, the results of the investigations reviewed above ^ndicate that 

various types of course work in mathematics can affect the attitudes and 

achievement of teachers and teacher-trainees ., # Bat what has recent research 

g^*V ^ - , J t * * 

td*say about the effects of ins/truotional method, i.e., Curriculum, on the 

f , . • L • \ * . \ * * ' 

ents in tpe pu 



, at^itude^ antf ^achievement, in mathematics or* students 
s^w*?- * ~> THis^is vthe t'qpic <g>f the next: section. * 



public schools? 
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The^ School Curriculum 
Rote Memory * vs i Meaningful Teaching ^ ^ ' ^ t , *» 

^ In a discussion of a variety of-unp leas ant 'experiences in thje earlier. . 

grades that cause students td'avoid higfr-'school mathematics; Wilson (1901) 
^ concluded that a primary cause is "drill-beyond the fundamental processes. 1 '" 
^ Bernstein {1964) apparently concurred with Wilson's conclusion when he referred 
to an almost universal pgreeiflent amon^ '^tKemaflcians, and teachers that rote 
' learning procedures are a major factor introducing negative attitudes toward" " 
mathematics. Collier (1959) also maintained* that teachers should emphasize 
computational speed less and place^more stress" on developing mathematical 
•understanding and logical reasoning ability. 

Clark (1961) suggested r that reliance on rote memory rather than logical 
reasoning is a consequence of the assignment of formal arithmetic at too earl^ 
a grade*. In his opinion: . \ 

"Children are often confronted in school with, -situations which f ew r . 
adults would tolerate. Day in and day out there is repetition - •* 
of meaningless expressions,* terms, -and symbols. Eventually many 
. children t come to dislike arithmetic/ Lack of understanding and 

skills in arithmetic is associated with personality maladjustment - , 
and delinquent behavior, including truancy and incorrigibilitv" 
Ep. 2 J. * 

*In«a study of fourth-grade pupils in a Georgia jchool, £yda and, MorSe 
l963) w noted positive changes in attitudes toward arithmetic and sigpificant * 
gains in arithmetic computation and reasoning Vhen a "meaningful method 11 of 
teaching was employed. The method emphasized the mathematical aim of arith- . 
. metic, stressing the concept of number, understanding of the numeration sjStem,' 
place/alue, the use of fundamental operations^ '^he^atioriale, of computational 
^^orms, and^the relationships which make arithmetic a^ysteip pf^hifcking. ' Jl, 

Another' way ^ that has blen suggested. fdr %kin^arithmetic wore^ejirtngf 4 , 
/ or at least mofe interesting, is televised instruction. K§Drlnan"(1961J i-« 1 
administered a questionnaire to 65 fourth-grade pupils to obtain their re- 
actions to the television program ""Patterns in Arithmetic J 1 Over 90%. of the 
pupils approved of the program" to' some -extent, and over 75% said they liked 
arithmetic better after viewing the new arithmetic television program. Finally, 
75% of \he 4 pupils stated, that their attitudes' toward arithmetic .had changed",, 
because the television program helped them understand the subject. 

s Effects of Ability Grouping a 0 ' ' ^ i K . ! ! ! . \ 

•Grouping pupils in arithmetic classes jacc.ordiiig to.' t^eir 1 albiii tit* Tie's ' > 
frequently been'criticized as leading to^oor attitudes, either ferectly or L 
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# as a resultk^f parental altitudes toward grouping. In order to "study the** ' 
effects of Ability grouping on attitudes, Lerch, (1961) compared'the? change in 

* attitudes toward arithmetic of fourth-grade pupils taught intermittently in . * . 
ability groups with v the changes in attitudes of pupils taught in traditional, 
non-grouped classes. Differences ^Tscores on tfie.pre- and posttest "attitude 
inventories ^showed that ngre than half of the pupils in both^ groups, became* \ 
more^avorable in their attitudes toward arithmetic. The average change in 
a^ttrfude of the abiliity-grouped classes, however^ was not^ significantly differ- 
ent from that of the /non-grouped classes. It .w^s concluded that children's 
attitudes toward arithmetic are less /dependent upon>classroom organization than 
on their teachers 1 attitudes and the methods which the teachers employ. 

In another study of the effects of ability grouping, Davis and Tracy .(1963) 
compared the pre- and posttest scores on the California Arithmetic Test of 393- v 

jj^orth Carolina fourth,*, fifth-, and sixth-graders" ""The two types of programs :zJ%i& 
were a Joplin-type plan (ability grouping) and a Random plan (nonability grou'p^^ 
Lng). It was ascertained that initially the two'g^oups did not differ signifi- "* u 
cantly ^n their scores on measures of ability., se^- concept; anxiety, and 
attitudes, toward arithmetic, which were admihist£red~as pretests. , Thus, atti- 
tude toward arithmetic was a concomitant variable,- -rather than a criterion 

, variable, in t;his study. The results were that pupils in the Joplin-type plan - 
did not gain significantly more in arithmetic achievement than pupils in' the 
random plan. ' Consistent with the conclusion of tteVch (1961) referred to above, 

^ Davis and Tracy (1963) concluded,,tnat differencfs^among teachers in their knowl- 
edge 3f arithmetic, attitudes toward arithmetic", andTth^eir variability in 
method of teaching--factors which were not controlled or measured in this study-- 
are important variables to consider in future research on ability grouping'. I- 

School hlflthematics Study Group (-SMSG ) Curriculum 

* ' ? ^^ scus sion of motivations in mathematics , Bernstein (1964) suggested 
that -organization of subject matter, such as that in SMSGjlmay improve attitudes- 
toward mathematics, ^fortunately, studies have typically, failecPto verify 
Bernstdin's suggestion; the teacher /rather* than tne 'curriculum, still appears 
to be the more significant variable. ^ ♦ 

For example, in a comparison "of SMSG and nori-SMSG seventh^grade classes,' 
Alpert et ai. (1963) observed that the'SfoSQ curriculum did not increase students 1 
positive feelings "toward mathematics, either absolutely, or when compared with the . 
jnon-SMSG curriculum. However, teachers with a highly theoretical^riejitation^ , 
tended to produce more^ positive feelings in SMSG classes, but not in^non-SMSG '«JL 
classes. Concerning measures of attitudes, Albert et al* (1963 )- found ,£Tfet the 
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attitudes toward mathematics of SMSG students became, less positive from fall 
to spring testing, whereas the attitudes of non-SMSG students remained rela- 
• tivelv const ant. . . , 

( 

Similar results haVe been obtained in other investigations which have 
* compared SMSG. and traditional curricula in-elementary and junior high school 
(Hungerman,- .1967; Osborn, 1965; Phelps, 1963;' Hoodall, 1966). I n general, 
these studies have found that the mean mathematics attitude scores of students 
taught by the SMSG curriculum is not significantly different from, or even * 
more negative than (Osborn, 1965),° the mean attitude score of students taught' 
mathematics by the traditional curriculum. With respect fo achievement, one 
study found results jravoring the SMSG" curriculum (Osborn, 1965), the results 
of another favor the traditional curriculum (Hungerman, 1967}, and still 

^ another found no significant difference between the two types of program 
(Hoodall, 1966). In general, scores on conventionalVandardized tests of 
achievement ^mathematics, tend to favor °the traditional, non-SMSG curriculum, 
whereas scores on special tests like those constructed by the School Mathe- 
matics Study Group for. use with its materials tend to favor the SMSG curriculum. 

But why does^the IftSG curriculum faiVto produce more positive attitudes 
toward^athemati^cs, as, Bernstein (196U) hoped that it would? Osborn (1965) 
suggested that this can Be explained by the fact thlt the SMSG curriculum is 

- more abstract and demanding than the traditional curriculum, causing the' 
students' attitudes to fail to change at all or to even become more negative 
as the length ctf time that ' they study the SMSG program" increases . " ' 

Before one. goes too «far in Interpreting the above results, however, it 
should be emphasized 'that in these, investigations, the available subjects were '"■ 
not assigned at random to the two types of curricula. The investigators merely 
analyzed data" obtained from existing groups rfff some cases attempting ^assure 
th-emselves*that the groups did not /differ significantly in their pretesVtcores , 
in other cases using anal^is of covariance as an attempt to control for.^initial 
g'roup differences. But without 'random assignment, of subjects to conditions,. ■ 
^ there is little control oyer extraneous variables, and without sujL randomiza- 
tion analysis of coyariari^e is not a legitimate statistical procedjire. There- 
fore, many of the conclusions- of the studies' reviewed above must b<i viewed as 
-tentative until more controlled research is done. • «* 

Other Modern Mathematics Programs ' ' , : - ■> ■ 

Correlational data which shew that students^ a special public school 
program have more .positive!" attitudes toward the subject* than students in other * 

1 ' 
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, types of programs are plentiful. But of course it is quite possible that the 
students in the special program were attracted to, or selected f or_the program 
to begin with because of their positive attitude toward the subject. A case 
in point is the finding of Ellingson (1962) that high school students in 
college preparatory classes "had somewhat more positive s ^att> tudes toward mathe- 
matics than students in terminal or general math classes. The sjelf -select ion 
factor, wher f e^thos*e with more positive attitudes and higher* ability elecj the 
special course, and the effects on morale o?^^ing^in a ''new 1 * program (the 
Hawthorne effect) undoubtedly influence the results^of investigations In which 

there^ is no true control group. . * 

j * 

Research designs similar to those v of studies reviewed in »the previous 
section onttie SMSG curriculum 'have been employed to compare other mathematics 
programs with the traditional program. For example, Comley' (1966 ) compared 
the college mathematics achievement and attitudes of students who had the 
University of Illinois Committee on School Mathematics (UICSM) progran/in 
public school with those of students who had ^traditional high school mathe- 
matics . Students in a number of, colleges were administered a mathematics' ' 
attitude Questionnaire, 'and other data concerning total number of tarms of 
.college mathematics takerff major field of study, number of elective mathematics 
courses taken, types of mathematics courses taken, and overall mathematics 
averages were obtained from transcripts and questionnaires. After the criter- 
ion scores of the UICSM and non-UICSM groups, were adjusted by covariance analy- 
sis on numerical and verbal aptitudes, high school grade averages, school .' 
size, and percentage of each school's students^io went to college, there were 
few differences between the two groups in college mathematics achievement.* The 

UICSM group did take significantly more college mathematics however, and did 

< V * * v ■ < 

as well as the non-UICSM students. In addition, , the UICSM students had signifi 

oantly more favorable mathematics attitudes than the non-UICSM group. 
• ' ♦ 

In, ah investigation by YasuL r (1967 ) , a ,modernrmathematics group studied 
i , i j 

the Secondary School Mathematics textbook series* in grades 10, 11, and JL? in 

the Edmonton, Alberta public schools? - A control (traditional 1 group consisted 

of 125 students selected from .high schools not exposed to modern mathematics. 

\ * \ ' » ■ i f ' i * i 

After ''adjusting" for individual^ differences in' scholastic ability with ninth- 
grade scores on the School and College Ability Test^ thejnean score of the 
modernrmatliematics grfcup was significantly higher than that of the traditional 
group on test items of the Contemporary Mathematics Test which contained 

material; common to both curricula. Althoti^h^the difference between the mean 

f ' ^ I * < 7 V II, 

scores of the two groups on an" inventory of attitudes toward mathematics was 
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^uotjjignif leant, attitude j cores were significantly.,correlated with achieve- 
ment &*both groups. It iiiay be .observed that "the two groups in this study 
were not equated for initial attitude toward mathematics , so it is not certain 
what the fa4lure~-tb find a« significant difference in mean attitude in the * 
twelfth grade means. Perhaps the two groups had equivalent mean attitude . L 4 
scores to begin with and_both became more positive, more negltive, or remai^f 
the -same. Or perhaps drfe group hao~Tno£e^>sitive attitudes than the other at 
the outset, and the initially more positive group became more negative, or the- 

initially more negative group became more positive. \ 

* ... • ^ 

. The aim- of a recently completed project by Ryan (l967)'which involved 
- 126 pairs of mathematics classes in schools distributed over a five-state 
area, was to compare the effects of three experimental "modern^' programs in 
secondary mathematics-ithe 'Bali' State', UICSM^ and'SMSG programs-oj^a^i-" 
tudes and interests developed in -ninth-grade pupils, ^eli-reporvl^ea^rls^^ 
attitudes and interests were administered to the students at the beginning and 
end of the school y\sar, and systematic observations of behavioral signs of 
student interest were also mile. Pupil characteristics such as sex and achieve- 
ment level, and teacher .characteristics such as experience with the programs 
were considered in the data analysis. The general finding was that the experi- 
mental programs, when compared with conventional .mathematics programs, had j 
littl e> differential effect*on the attitudes and l|$r e3 ts of the pupils, /There- 
was a slight tendency, however, for the Ball Statjp^gram to be related .to the 
deyelbpment of less positive attitudes agd the UICSM"-0gram with more posi- " 
tive attitudes toward mathematics, when compared to. conventional programs. The 
less positive* attitude of the ' students using^fne Bal/state.prpgram was asso- 

• ciated with the reported -greater difficulty, wh^stude_n3„li^4n,,ynderstandjnfe 
these materials. Measured' pupil and teacher character! s'tic^id not interact , 
Significantly with "type of program in 'determining its influence-, but. change in 

'^attitude was generally related to change in grade , received reJla'iiVe to, the pre* 
vioys year and tq the degree of difficulty which pupil? experienced with ^the 
materials. ■ .1 

Other Curriculum Comparisons ' " -J 

. i ' 'J.--.. 

Especially noteworthy^ or its ] attempt to control e|xt&nepus variables is 
, a " investigation by Devine"(1967), who compared program-entered with teacher- 
centered teaching of first -year algebra. .There was a random selection of two . 
Classes' (but' not v a random selection of subjects for the' 'classes K-ar ^ experi- 
mental and a control class-in eacH of two high schoolsj.; 'Achievement and atti- 
tude tests were -administered^ at vai^s times. during the school year. A result 
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the study which is particularly, interesting is tlje obtained interaction" 
between teacher experience and typ*i^t>f curriculum in their effects on. student 
achievement in mathematics. When the teacher was experienced, the mathematics 
achievement of the program-centered group was iower than that of the teacher- 
centered group; there was no change in either group, however, in attitudes 
"toward mathematics or toward programmed materials. When the teacher was inex- 
parienced, the program-centered group achieved as well as the teacher-centered 
group, but the attitudes tow ard *maf hematics and toward programmed instruction 
became more negative in both groups.* In a summary of the results^ Jiving 
X1967) concluded that when an average or above average teacher is-available 
greater achievement is obtained in a conventional, teacher-^ent^^e^^las^r^om 
approach. r - i . ^Iv^^^^^^. 



A final investigation concerned with curriculum is th^^^ll^^ens (1968), 
although tl)e experiment is cited as an illustration of a contrived desi^i as 
much as for the, specific results. The experiment was' designed' ta assess\he : 
differential effects of the curriculum practice ^£ assdgning^oine^^Jc^an^ 
arithmetic oa the altitude's of thira>grade pupils toward school, teaehe*^ 
arithmetic, homework, spelling, and reading. There were three treatments- 
control (no homework), common practice (regular teacher assigns homework), 
and" experimenter-prepared homework. Pupils were' randomly assigned to^three 
classrooms within each of four schools, and within each classroom pupils were 
assigned to three intellectual ability groups ^ ,The data from five subjects in 
each of the three ability groups within each of the 12 class rooms *werl / 
analyzed by analysis of variance of a Latin square design with repeated jmeas- 
ures . The basic dUta were scores on the six measures of attitudes admin- 
istered at the end of each of three 3-month treatment periods. Since there 
were no statistically significant, differences among the three; treatfle^nts , 
Maertens concluded that arithmetic homework does not uniformly affec^pupils.' 
attitudes toward arithmetic and the other five 'sources referred to above. '! 
Consequently, teachers neett not omit purposeful arithmetic homework as a ,» 
general practice because of fear £hat it may create negative pupil attitudes^. 

\< / | - ■ f , S 

developing Positive Airtitudgs and Modifying Negative' Attitudes 

Alpert et al. (1963) made a number of suggestions, growing out *of their',* 
research on the SMSG program,, for, further improvement of achievement in and - ' * 
^attitudes tdward mathematics^ viz^ : (a) more attention' by textbook writers' 
, to those aspects, of school which affect psychological determiners of success ' 
4? mathematics; (b) more attention to teacher selection and training and to£ 
tfie^ossibility P' f taking into account teacher characteristics when grouping 
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pupils; (c) consideration given in course design to the meaning of education 
J.n mathematics for women; (d) communication to parents about the nature of 
the effects which they have on children's* mathematics education. These are * 
commendable goals on a broad scale. As noted by Bassham, Murphy, and Murphy 
(196H), in order to change a pupil's attitude toward*mathematics his^percep- 
tion of himself in relation to mathematics materials must be changed. - There- 
fore, what have othex mathematics educators and researchers recommended and . 
accomplished in the effort to. change students r perceptions of themselves in 
relation to mathematics? 



Emphasis on Relevance , Meaningf ulness , 'and Games ? 

. Since the time of John Dewey, there has been a growing emphasis on the 
*eed to make education practical or relevant. Nevertheless, Bernstein (1964) 
argued that educators have failed to stress sufficiently the use of mathe- 
matics for^studying and controlling our physical* and social environment. In ' 
one of the reports of the Ohio State University Development Fund'* Nathan Lazar 
^maintained that children can learn to love ^thmejic if. they, are not bato-*" ''^'j- < 
•barded with meaningless memory drills. His approach to helping children under- 
stand arithmetic is to use simple reasoning problems about Mack horses , 'brown 
* cows, and white sheep. In addition, he invented a game-like apparatus called 
an "aba-counter 11 — a' variation on an abacus with multi-colored beads strung on 
rods— to help make mathematics more meaningful. Tulock (1957) also recommended 
that games, contests K and audio-visual aids be used to heighten interest in 
mathematics* ^ 

, ** - ' ' * 

Zschocher (1965) experimentally investigated the effectiveness of y^ious 

group mathematical games on th^erformance of first-grade children in day care, 
center* in ; J|rmany. Jor ^feofjof five months, 70 girls and boys were 
\given- the opportunity of playing the games before and after classes . The 
results were that their scores 'on standard tests of number concepts, spatial 
orientation, and basic arithmetic rose significantly. A control group ^L-?5 ? * 
subjects showed no significant improvement on the £ests. however, teacflrs' 
did hot discriminate significantly between the experimental, and control child- X. 
ren in- their evaluations of the children ! s mathematical achievement. In a 
\*y related study on older children, Jones (1968) obtained a significant improve- 
ment in the , attitudes of ninth-grade students in rem^Elal classes when they' 
were taught /mathematics by modified programmed lectures and mathematical games..* 
Providing - f <$r Success - Experiences , 

^ * .Many waiters (e.g., Lerch, 1961; Tulock, 19$7) have, observed that pupils \ . 

■ who. constantly faif Mathematics lose self -confidence and develop feelings' of • 

' ' V ■ ■ » ■ - :' : . . • ? 
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dislike and hostility toward the subject. # In order to co>e with such negative 
attitudes, the teacher must provide for success experiences in the learner; 
the child should be' taught to set reasonable goals'that culminate in the reward 
of success. The need to prdvide for success experiences was also referred to 
by Proctor (1965) in a discussion of techniques' for giving self-confidence and 
faith to slow learners\and thus changing their attitudes toward mathematics. 
An Experiment on Mediated Transfer^ 4r 

It is not particularly surprising that success in mathematics, which is a 
pleasant, experience, can cause * person's attitude toward the subject to be- 
'come more positive. But although it is not always posslble for an indiy^ual 
to succeed in .mathematics , the results of- an experiment by Natkin (1966) sug- 
gest that simply getting him to associate mathematics with something pleasant 
may alter his attitude or anxiety toward the subject. * 

? he ^j£ itial group of subjects selected by Natkin were male and female 
^\inde£gfflj|^tes who had scored ab$ye, the mean on the verbal section and one 
^ a 2^P??f viation kelow the mean on the .mathematical section of the Scholas- \ 
tic Aptitude Test. . The first step in the experiment was to determine the, 
galvanic skin responses (GSR's) of the subjects to mathematics and 'non-mathe- 
matics stimuli. Then those subjects whose 'GSR's to the mathematics* stimuii' 
were significantly greater^ than their GSR's to the non-mathematics stimuli , * 
were randomly assigned to experimental and control groups. In the first stage 
of the experiment proper, the subjects i* the experimental group learned, by. ' 
a paired associates procedure, to associate the "mathematics stimuli wi.th ' 
nonsense syllables; in the second stage they learned to associate the same 
» nonsense syllables 'with strongly pleasant phrases. The subjects "in Vthe coiK 
trol group learned the same mathematics stimuli-nonsense syllable pairs in the 
firsKstage as the experimental group, but the former learned npnsense sylla- 
ble-neutral stimuli associations in the second stage ^ As was predicted, ^scores 
on a test J>f anxiety toward mathematics showed a more significant decrease from 
pre L to po^t-experimental^testing in the experimental group than in the control 
group. Thi post-experimerital test of anxiety was administered onky five" minutes 
after the learni^session, however, and one might well question jthe .permanence 
of the decrease. Other questions which need to be answered are wnether* the 
anxiety change observed by, Natkin (1966) w<Juld have generalized to other situa*-' 
tions (e.g.,, school tests) involving mathematics and whether his '[mediated 
transfer'' procedure can also aff<ect performance in mathematics., in any event, 
Natkin concluded ^that the experimental procedure created a mediated ''therapy " 
effect on mathematics anxiety, .quite similar to the desensitization of ^ears by 
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behavior therapy. He also noted from the response patterns in. the test data v 
that early traumatic learning was. largely responsible for anxiety, toward mathe- 



matics , 

' ' ' \ 



Natkin's (1966) experiment is important because it showed', by means of a 
well-controllfd experiment tha* it is possible to affect anxiety toward mathe-y 
matics', if only for^a short' time. There are behavior therapy techniques other 
than -mediated transfer" that should certainty be explored as methods for ' - 

-reducing mathematics anxiety. But anxiety/is a pi£ely emotional^eaction, and 
although attitude-the tonic of .the present review-is partly emotional., -it ','•'<• 
.also has a cognitive component. Therefore, techniques for attacking the - 
cognitive aspect of negative attitudes, as well as their emotional aspect, are 
. needed. This involves more research and, consequently, .brings us to the closing ' 
section on evaluation of previous research and suggestions for future research 
on attitudes toward mathematics. ■■ 

' - «• 

Criti^of Previous Studies and Suggestions for Further Research. 

Criticisms , •'- . 3 

• • 

A number of critical comments about previous' research concerned with the 
' determiners and effects of attitudes toward mathematics have already been made ' \ 
in this review. Some of these criticisms apply as well to other areas of 
educational research, and they have; been widely recognized. In general,' there 
has been too much reliance on correlational J^hods and' on indirect' measures " *• 
.of behavior, such as questionnaires.' and otherstudent-reports . It is 
adjpittedly easier to point to .a need than to satisfy one, but -the .super- • ' 
abundance of correlational results which have been reported' is /primarily '. . /" 
heuristic; controlled experiments are needed to test the hypotheses' suggested 
by the significant correlation coefficients.) Analysis of covariance is. of, no 
k help unless investigators randomly assign, subjects td groups. ' The. procedures J 
of "matching" arid "statistical control of (concomitant rvariables" ihould no^ be ' 
viewed as substitutes for random assignment 'of subjects to treatment condi- ' * 
tions. As was noted previously, random .assignment iS'an even more important 
assumption of analysis of covariance than .it is of analysis of variancl.' , 

In their treatise on research methods? ln'education, Campbell and Stanly 
(1963) have discussed these matters at'l'ength, detailing the sources of error, 
reft uncontrolled in various research 'designs. Thts proposal of Campbell and/ - 
Stanley (1963)%or obtaining information concerning cause-effect relations" ' * * 
through correlations across time (cross-lagged panel correlates ) would 4pear^^ ' 
• to ^e a potentially fruitful approach to ari analysis of the directipn.of^caijse- 
and effect in 'teacher-pupil : a¥titudes ajid Achievement. ft * ' 5^/, I * 

* • ••' , '• i7 - •••• . -. j .. •; 
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Whenever correlational methods are to bemused, and especially* correlations 
among gain scores, the investigator should first become familiar with Thorn- 
r dike's (1963) discussion' of methodological problems in research on over- and 
under-achievement . Of particular importance when designing research to deter* 
mine whether attitude variables are related to achievement or ; other variables 
in any significant way are the .sections of the Thc^ndifce^oook which are •con- 
cerned with part correlation and gain scores. 

The remainder of the review will 'deal with.sojhe suggestions for furtherfS 
research on attitudes toward mathematics — research which it is hoped will take 
mto account both the findings and shortcomings of the work that has been 
reviewed in preceding sections of this paper." 

Measures of Attitudes 

Since the usefulness of the results of research is frequently limited by 
.the precision with which outcomes are (measured, something needs to be done 
to improve the accuracy of measures of attitudes. The task may be approached 
in several ways'. Anttonen (1967), for example, has pointed to the need for $ 
research aimed toward improving the readability of altitude measurements at 
the e.lementary school- -levels In addition, the reviewer feels that; the concept 
of a general attitude toward mathematics should be supplemented, with that of 
atjtftudes toward more specific aspects of mathematics, for example, problem- 
solving and routine drill. This is similar to a recommendationmade* by Moss 9 
ajul 'Kagan (1961) "witty respectjto the concept of achievement.* » 

One possible approach^in designing such multivariate attitude instruments 

is to follow a stimulus -response model <>like that proposed by the reviewer * 

(1962) and by Endler, Hunt,* and Rosenstein (19620 for the concept -of anxiety. 

Such instruments should be of greater diagnostic* usefulness than the current 

* 

scales of , general attitudes toward Mathematics wi£h their single, overall 
score. The stimulus-response approach could alsp ponsijier *i:he distinction 
betwo^iithe cognitive and emotional- components o£ attitudes in the design* of 
attitude instruments. . ' # , ■ ) * *w • 



Teachers J — \ • * ' 

s> - . .* 

Although it is certainly unfair to indict teachers 1 too strongly as , 
creator^ of negative student altitudes toward mathematics, the results of 3 
research "have suggested that the teacher^ pefchkps even rtor'e than^the parents, 
is an important determiner of student attitudes. As noted by Banks (1964, 
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.An unhealthy attitude toward arithmetic may result, from a number i 
'Of causes. Parental attitude may be responsible Repeated fail- 

ure is almost certain to produce a bad emotional reaction to the study 
of arithmetic. Attitudes of his peers will have their effects upon 
^ the child,s attitude. But by far the most significant contributing 
* '-factor is the attitude of the teacher. The teacher -who feels insecure, 
. ^ who dreads and dislikes the subject, for whom arithmetic is largely 

rote manipulation, devoid of understanding, cannot avoid transmitting 
; ' her fe^ings to the children... .On the other hand, the teacher who has 
- confidence, understanding, interest, and enthusiasm for "arithmetic has - 
gone a long, way toward insuring success. 

* 

In order to- provide more information on the. effects of teacher attitudes., * 
merfe-diitect measures of teacher attitudes and their consequences, for example * 
by classroom observation, should be obtained." Student reports of perceived 
teacher altitudes and also teacher reports of their ow.n attitudes are useful, 
but direct 'observation of teacher-pupil interaction in mathematics .classes is 
also needed, fn addition, more attention should heaven to the mathematics & 
* training of elementary-school teachers. If the law of primacy holds-, the * 
influence of elementary teachers on pupil attitudes should' be even "greater than 
that, of secondary, teachers . . 

Finally, it would be interesting to conduct a Rosenthal-type investiga- 
tion to determine the effect of -teacher expectations in mathematics on student 
. attitudes and achievement. Using the procedure of Rosenthal and Jacobs on 4* 
(1968), after the students are tested initially the teachers would be informed 
that one group of children— actually selected at random— will show an increase 
in mathematics achievement and/or positive attitudes toward mathematics^during 
* r the following semester. Measures of change 0 in student achievement an/atti- 
^ 0 tudes in both the experimental and. control groups would ^e assessed/to deter- 
mine the/effects on these variables of teachers 1 expectations. 

s Longitudinal , Multivariate , and Experimental Studies' 

Alpert et al. (1963) jafid Anttorien (1967) have pointed to the need fo> 
longitudinal reasearch on patterns of performance in mathematics emerging over 

. f time, 'and on psychological variables related to these changes. Anttonen (1967) 
maintained that the ^measurements of attitudes and achievement in such studies 
should be lover a perfod shorter than*the six-year span which he used' * A period 
~of oAe or two years, as in! the NLSMA studies, would probably be most* satisfac-*,- 

~L t0ry \ ^owevefr, there is a* need for both longitudinal and "one-shot" studies f 
determine the effects and interactions of many variables— teachers , parent^ 
burriculum, and' such ^pupil variables as general and special abilities, bio- \ 
graphical factors, interest and per spnali/y4har act eristics— on attitu&s and 
performance. The' implication of much of wtajt has been said previously in this 
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review is r that multivariate programs should not be limited" to corre'lati^eTH.:^ 
designs. " ' * " 



pis. Weaver and Gibb (1964) have called f or -re search' on the~ genetic & / 
topme^t.^f" mathem^ktal 1 ide^an3 v aWlifi^S' ^mong^ ch lio^n^in "dlb^iSt*'* 



developi 

r 

instructional conditions and in different mathematical environments. I'They* 
* maintain that since the personality characteristics of children, instructional 
% methods and materials ,* school organization,* motivating. conditions, level 
and sequence of mathematical content interact to such a degree, multivariate 
studies ra?1?er than^studies of the effects of only one of thesie variables are ^ 
necessary. This type of program calls for a marriage of the" correlational. and i 
experimental approaches to research. * * 



Alpert et al. (1963) have cited further classroom experimentation on, the ^ 
use of self- instruction programs, modern mathematics programs, specially trained, 
teachers, use. of innovative teaching techniques, and training films as impor- / 
tant needs, in research and developmeht in mathematics education, # • - 

Development and Modification of Attitudes * . I 

o k 

^ , As this review has shown, there has be en qn ly a small amount -of research 
on techniques* for developing positive attitudes and modifying negative atti- . 
tudes toward mathematics.' Basshaia, Murphy, and Murphy (1964) point to. the 
desirability of further experimental work to explore the development and/or 
modification ofVanxiety, attitttfes, and other variables which effect achieve- 
ment in mathematics. . . «, • 

it is clear that serious thought must be given to. experiment/ concerned 
# wath the 'temporary and more ^permanent ejects o^oresdjool and early school * 
experiences ori attitudes toward and perf ornfan^Pin mathematics . In Uqth the v * 
development and modif ica^don of ^attitudes $ and. in training and ^rgmedia^ woittc , . 
a question is how to make mathematics more Uteres tihg.^ l^gw metnodl may bp 
^initially motivating t"Hawthome effect"), wl their 4ffect^wiljJjjto> # last *i#% 
thp teachers are poorly trained,, the- parerits^are-4xdt sympatheticv/and 4 the J* ^ 1>1 
students are not sucessful in mastering the * sub^ecT? — * ^ ^ 

... . y j^v"" - : ■—'ir* v- ; 

* . . • * 'Summary ^ ~ ~ 

Over three dozen journal articles, two dozen doctoral dissertations, and 
a lialf-dozen reports of studies^concerned with aftotu^e^^toward V raatfjema tic's . <\. > 
which have Jbeen written during the past* decade- we^ rejidewed^. The^major to^LC&q^J 
covered were: methods of measuring* attariasdes^o wa y d a^ithmetic^nd 'mathematics 
thfi grade d^tribttion and gtability of^n^tl^ma^cs^ aXtit2d^*4^e* r^lationr . , ^ y 
ships of attitudes to achievementTiiTlrath^^ 

matics attitudes to ability and personal ity , f^c^prs 9 p^^er^al^i^lt^des and- 




ERIC * ' • ' 1 * - 1 -- ^Slk: 



' . - . ' ATTITUDES 

expectation^ to peer Attitudes, and to. teacher characteristics, attitudes, a,nd 
behavior. . Also discussed were investigations 'dealing with the effects of modern 
mathematics curricula and other curriculum practices on attitudes ! Of -all the 
factors affecting student attitudes 'toward mathematics, teacher attitudes a re 
viewed as being of particular importance. Finally, research on techn^que7~for 
developing positive attitudes and modifying negative attitudes was summarized. . 

Awong the criticisms made of research on attitudes, toward mathemajicsNjere" 
* the us&of crude measures of attitudes', excessive reliance on correlational ~ v 
methods, improper use of covariance analysis., inadequate control of extraneous 
variables, and failure to use adequate* measures of gains. Suggestions for . 
further research included adequate familiarization with previous studies con- 
cerned with the topic, the development of muljifaceted measures of attitude', 
*more extensive multivariate experiments extending o\er longer periods of time, 
and more attention to techniques f ^developing positive altitudes and modi- * 
fying negative attitudes. 
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CLASSROOM TEACHING OF MATHEMATICS* 1 
? / 
* James T. Fey 
^University of Maryland . 



t • ** * , 

, What is a good mathematics teacher? What are the personal characteris- 

tics of a good mathematics teacher? .What Caching method" is most effective* 
^ A mathematics classes? What sort o!f preservice and inservice education is 
m0St 4^°P riate for "^hematics tochers? *ew questions in' mathematics ,du- ' 
cation are more imp6rtant and few generate more vigorous' debate or consis- 

• tent disagreement. But despite long an.d active interest in the. problems,. re- * 
search offers few important guidelines in the search for personal attributes, 
classroom styles, or- educational preparation df successful teachers. Exten-' 
sive investigation has failed' to show significant or consistent correlation 
between fundamental characteristics of teachers-such as experience ,' know- 
ledge of mathematics, collegiate preparation, or attitudes toward mathe- ' ' 
matics-and the achievement 'or attitudes of their students. Evidence from - 
comparisons of two or more teaching- methods supports no one method as superior 
in mathematics teaching* \ * Jk» /- 1 * 

*...L ; UCh - CUrr l nt $ Sear ^' in Jli the !P a >J« teaching -.continues, the-traditibnal - 

• approach to finding jhe elusive "good teacher There is growing evidence 
however, of creative, yet -careful, new research* ^strategies and 3chniques. ' ' 

' ' . - - . , . <\. 

. * « ^ Weaknesses anc[ Strength's ' 

of Current Research * 
^ Attempts to identify critical teacher 'personal characteristics of teachers ' 
have been limited by narrow vision of whtft the: key variables, might "be and by 
oversimplified measures of effectiveness. Several recent studies have un> * * 
coverer previously unexamined teacher attribute dimensions that appeal to have^ 
^prapise in predicting effect^enes^^Other^hav^attempW td Droaden-fe ~" - 
... accepted criteria of effectiveness ^instead of a si^ good or bad appraisal 
° f e ^ ectiveWess -^ ased on standardized studen^achievemenj; .tests, these 
. " - ' x ' 1 - * > 1^' . . - . % • ■ \ . .j 

tSSff this Paif^ntitled "Research in* Classroom Teadhine Jt 

hectics,." w.11 appear in the Review of Educational Research^ Sctober ^ 
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investigations have sought a detailed description of student ^outcomes — cogni- 

tive and .af jfective , manifest and latent, 

, / Inadequacy of criterion measures has also plagued research in methods of 

teaching mathematics. Instead of attempting a careful description of the out- 
v* * \ % ; ■ 1 ° 

comes associated with particular methods of instruction, methodology research 

has usually bean an ^attempt to show the superiority of one name method over 

-another, as measured by achievement tests. ThEs approach is insensitive to < 

"the differential effects that each individual treatment might have. As a ^ 

consequence, results from methods of instruction research are inconclusive; 

the stro«g ,and weak features of each method tend to counterbalance each other. 

Current research in mathematics teaching methods is focusing on the crucial 

problem of aptitude r treatment interaction (ATI) in an attempt to discern the 

unique impact of various teaching styles. r 

- - Methodology research has also -suffered from the fact that most studies 
are small scale projects v often £ single investigator teaching one or- two* ex- 
perimental class'es and a like number of control classes while assuming respon- 
sibility for evaluation of the results. Thus eyen when significant results 
are reported, the impact of such findings on teaching practice is minimal; the 
investigator's personal involvement in all aspects of the research makes bias 
inevitable, an£ the methods being compared are seldom described in behavioral 
terms prects>e enough to allow repetition of the method in other classes *wit£ 
other- teachers. Current research, with the, benefit of sophisticated tech- £ 

'nology for recording classroom activity, is making a strong hid to sharpen A 
definitions of teaching methods' and thus, make methodology research mor.e re- 
liable. * * • 4 ' t m 9 * ' * 

New'appraasties the study of mathematics teaching are fres^ stegs into 
what has been an eAremely discouraging* area jof research. An equally impor- • 
tant development is the growing interest in a theory of mathematics instruc- 
tX0T t^ Even lf the va ^ ious investigation^ relating to mathematics teaching - 

* are Successful in' descrttrihl| .relationships among pairs bf 1cey instructional 
yari.ab^es^^ne more important ,task- remains ---parrying^ ihe ; se^ < Tfind i Lng4 Into' - 
widespread classroom* practice . Implementation of teaching , research requires 
integration of all the* relevant knowledge ihto'a coherent 'prescription of in- 
structional* behavior . Tentative theories of mathematics instruction are be- 
ginning *to provide V conceptual ^framework indicating important-research Ques- 
tions and -the relationships of widely varied research findings to classroom 
teaching, "? • \ 
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past, this translation of scattered research results into teach- 
^ ing practicj has been left; largely to the ingenuity of^ individual (teachers in 
the classrojm. Thus Henderson (1963, p. 1025) concluded, wi,th widje support, 
y that as of 1963 (and probably at the' present time,' also) mathematics teaching ' 
4 - was ah art, 'not a science, and that " » 

for it] to move toward "becoming a science, we need much more em- 4 - 

# pineal research to test current theories. But we also need hew- 
theoretical concepts or orientations that will provoke different 

* questions to be asked. ' 9 

- Research in mathematics teaching since that date shows definite signs of meet- 
. ing his demands for rigorous empiricism and new theoretical organization. * . 

Much of the credit for new^eoretical and empirical vitality in research 
is due to the appearance in 1963 If Gage 's' Handbook of Research in Teaching . 
The influence of research guidelines in the Handbook is not noticeable in 
early research covered by /this review, but recent studies are increasingly ? 
well designed and administered. 

This review covers research in mathematics teaching reported" from 1964 - 
through 1968, Since comprehensive 'listings of research have beeome annual 
_ features of several journals, the discussion here will not be a complete cata- 
log of research.^ Instead, it will indicate significant results and promising' 
^directions for study. The review is divided into three^ major* areas: (1) 
. - -*eiWal characteristics of teachers ; (2 ) teacher classroom' behavior „ inci Uj , 
ding* methods of teaching; and (3) teacher education . ' * ' ^ 

- ' . . v '• , . . 

Characteristics of Eff ective . Teachers 

Although previous investigations of teacher characteristics and effec- ' " 
^ tiveness had failed to yields "consistent or definiti^profile of fhe effec- . 
/ tive mathematics teacher, introduction of StriW^Tn'ew mathematics curricula 
provoked renewed interest in teacher characteristics -research during the pas* 
ten years! The new curricula brought new content, greater mathematical pre- 
cision, and a concept '(rather than skill) orientation to mathematics study 
Ty^nd-^aching, > The )S e changes reopened several ftfndameiftaf ^triorjs : 
^ ;< ; 1) Is there an identifiable, relationship between teacher knowledge of 
.mathematics and<-student achievement? *, 
2) Are teacher age or years of experience factors which influence stu- 
dent achievement? . ' , 
<; ■ • -'3) How do teacher attitudes „towferd\the new mathematics affect student 

• attitudes - or achievement? 
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Minnesota National Laboratory >Study 1 > 

- :~ I • •: • '' ■ • : 1 , 

The most .comprehensive, sophisticated, and imaginative investigation of 
teacher characteristics and student achievement was conducted by the Minnesota 
National Laboratory for the Improvement , of . Secondary Mathematics as part of 
. its effort to evaluate experimental curricular materials of the School Mathe- 

matics Study Group. SMSG was interested in determining whethe'r the new 

' 1 f s " ' • • 

curricular materials it was producing were suitable for widespread implemen- 

' ' . . \ \) • i 

tation by teachers of varying ability and qualifications. 
• • * 

An exploratory 'study involving 21 teachers of Grades 6-8 during the 

1958-59 school year and another involving 127 teachers of Grades 7-0.2 during 
the 1959-60 school year failed to find any significant correlation between 
students 1 achievement and the experience, collegiate courses,.or grades, and 
professional activity of their teachers. However, analysis of daily logs 
kept by the participating teachers during the 1958-59 study and of monthly 
checklist re&ett^s made during 1959-60 indicated that the most effective and 
least effective teachers could be differentiated by measures of productive * 
thinking — the ability to generate ideas about success or failure of various 
teaching lessons and ideas about alternative procedures for teaching particu- 
lar "concepts . ** 

These preliminary investigations » led ^design of the main study 
(Torrance and Parent, 1966) which sought further evidence on the correlates 
of teaching effectiveness that might be, described as qualifications to teach-- 
w experience, collegiate preparation, and professional activity — as well as the 
importance of variables in teacher-jjupil ^interaction and teacher .productive 
thinking ability. During the 1960-61 school year and again in 1962H62, each' 
of 63 teachers taught .the experimental SMSG course to one "class. 

Effectiveness of ^th<s teaching was evaluated from the following' altitude 
and achievement" testing prdgram: ^ > — ^ 

Fall: School and College^Ability Tests (Grades 7 and 8) or Differential 
* ApTtitu4e Tests (Grades 9-12) and Sequential Te*sts of Educational 
~ 7 -Progress in- >Mathematics , Form -Av— -i ' — ■ — — 

3pping : Sequential Teste of Educational Progrje^^^^ath^paticS , Form B . 
- Measures of the variables possibly corrj&ateji with aqp&^M^it were obtained 
^^^^ ; f^^lfp't^st\idents* andj^^^^^ ~ 'J&tJ^ . mS^T^V-^ 

Stude'ti^K^ Responded to several student attitude inventories and a stu- 
• / t dent checklist of learning activities. » 
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Teachers: Completed questionnaires , giving information about experience, 
education, and professional activity and also completed nine 
end-of-thermonth reporting forms designed, as tests of pro- 
ductive thinking. A teacher and pupil activity checklist 
gave information about procedural variables. 
The teachers were divided into three groups according ,to the measures of 
effectiveness and a wide variety of correlations were examined to identify 
factors "'differentiating the most and least effective groups. 

Results from both the 1960-61 and 1961-62 trials confirmed the earlier 
conclusion that effectiveness of teachers using the SMSG materials is not 
significantly correlated with teachers' experience, collgiate courses and 
gj^es, or participation in professional activities. Most and least effec- 
tive teachers were not. differentiated by the amount of time they spent in pre- 
paration for teaching.* There was only a Weak indication that 'procedures I 
in making assignments, explaining new material, conducting learni^-and think- 
ing experiences relevant to previously assigned material,- and. evaluating and' 
responding to student performance make a^ifference in teacher effectiveness. ' 
Application of , Flariders ' system of Interaction Analysis failed to locate sig- 
nificant differences in the patterns of classroom behavior developed by effec- 
tive and, ineffective^teachers. ' ." ,. . ' -' ' - j ' 

} ... The J !"? S ! is !f^ icant P«dictor of tej^hing^effe^VenesV was the produc- 
tive thinking ability of teachers. The most effective teachers produced more ' 
ideas about indications *of success' or, failure in their teaching, causes- of 
success or failure,' and alterative ways of teaching course incepts. The 
student attitude and learning activities questionnaires, revealed a number of 
significant indicatprs^of .teaching . effectiveness'. .This .suggests that teacher 
effectiveness ds intimat ? |y connected with pupil 'attitudes and perceptions 
concerning the method* e£ their teachers, the school, text materials, and the 
class as a group. s * 

Thus the Minnesota study confirms ^arlier .indications that the search for 
predictors -of effective teaching .pUst move beyond the gross measures of abil- 
ity apa-foSfel^ rdSftifiabie qualification. Tpparen^ly, ^lificaW bey^d 
certain minimal standards is not reflected in greater effectiveness. -In the"' 
search for more .'subtle yet penetrating factors in Reaching. success, the study 
•provides fresh insight into topics, and .techniques for future research. •: 



Secondary Mathematics Teachers 



One of the teacher variables, measured- .only indirectly in the Minnesota 
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Study is the teacher's knowledge of contemporary mathematics--a factor that 

^6\ld logically seem correlat?ed with effectiveness. In a doctoral study, 

Has sie» (1967) .asked a, panel of J.2 mathematics educators to identify the - 

characteristics of contemporary marthejiiatics . He then developed and pilot 

' ' • / ? * ' ^ # , 
tested an 'examination called Contemporary Mathematics : A Test for Teachers . 

* v ^ ^ 

lowing a sample of 273 prospective teachers in college in eight states and 
58 teachers with expedience in modern mathematics, he showed that scores on 
the contemporary mathematics test correlated significantly with the quantita- 
tive, verbal, and total scores on the Henmon-Nelson Test of Mental lability , 
and he gathered some descriptive data about the mathematical competence of the 

• chosen sample. • - 

In another doG^or^ai study Lyng (1968) used Massie/s test to investigate 
the relations between teacher knowledge, and (1) ssmseter hours of academic 
preparation ^(2') years of experience teaching contemporary mathematics, (3) 

"semester hours of student teaching, (*0 semester hours in methods courses, 
(5) years since bachelors degree, (6) age of teacher, (7) grade point average 

♦for recent course work, and (8) ability to read and comprehend unfamiliar 
mathematics. He found the best predictors of teacher knowledge^of contem- * 
porary mathematics were variables 1, 6 (negative correlation), 2, and { 8. The 
multiple correlation coefficient for" these variables was. ,74 (p<.01). But 
even, if these Results. are shbwn^to indicate, .causal .relations between, teacher. . 
attributes and knowledge of contemporary mathematics , they leave open the 
question, of whether teacher knowledge is .critically related to teacher. ef fee- . 
tiveness. „ * ' ^ 

• * Kennedy (1963 JSprobed another kind of * teacher characteristic* that should 

'—have a bearing on effectiveness. He developed a test of skill in solving 
'mathematics teaching problems. The test^ consisted ofL 17 tape-recorded' pro- 

4 Jblem situations, excerpted from actual algebra classes, each of which was- 
Followed by oral questions about solutions. A panel* of experts^ devised rating 
scales for res^Jttses , and, the test was administered to 311 teachers of vary- 
ing ^backgrou/ds . * " * • 

' Scores jfon the test differentiated^ groups of pre-^nd inservice teachers 

at the, .01 level of confidence in the* following order from poorest ■fio best: 
(1) non-mStnematics majors, (2) elementary education majors, (3) preservice 
mathematics teachers without methods course experience, (4) preservice mathe- 
matics teachers who had had a methods, course , (5) preservice* mathematics 
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teachers who had practice teaching experience and a methods course, and (6) 
ex P££ ience . d mathematics teachers* There? was no way, however, to consider s \* 
the relationship between. differences on the test and teaching effectiveness. ~ 

Elementary ^ Mathematics Teachers ' — ' 

The initial thrust of recent curriculum innovation was in* the secondary^ 
school, but emphasis soon shifted to the elementary school. Elementary school 
teachers, already faced with the task of specializing in every subject of the 
curriculum, have been asked to learn a great deal ,'of new mathematics and to 
» learn and teach the traditional content from a new point .of view. Concern ftfr 
teacher's subject-matter competence has ma<Je teacher ability a popular area 
for research. 

Several studies have attempted to assess the mathematical competence of 
pre- and inservice elementary school teachers. The results consistently show 
that teachers do not have the knowledge of modern 'mathematics expected as a 
prerequisite of effective ^ching. Melson (1965) erdmin^stered a 33 item t$st 
of mockr* mathematics to 41 beginning teachers in the Philadelphia area. She 
found a median scor,e of 12 correct and 27 teachers scoring below 50 percent* 
correct. The test does seem to emphasize the language rather than the sub- 
stance of contemporary mathematics, and the results might -thus* reflect slow 
change in the college' preparation of elementary teachers-. F. Smith (1967) 
showed that ai\appropriaJely designed coptent course j*puld produce dramatic 
changes in scores on the Melson test. 

In a penetrating study of prospective teachers in Negro private colleges, 
Carroll (1964) compared the mathematical knowledge of 358 teachers just be- 
fore graSSIt ion from college with 'normative" data ( STEP tests) and analyzed, the/ , 
particular strengths and weaknesses in the knowledge of these teachers. He 
found that the groups -functional competence in mathematics^was at %e level of 
seventh" and eighth grade students, with knowledge of geometry and probability 
the weakest. ^In another more limited studv^, Williams (1966)' found teacher "* t 
preparation in arithmetic generally disappointing. ' / •> > > J : 

The grim picture of mathematical competence among elementary teachers, 
as reported during the 1964-68 period, continues a long standing pattern. But 
it also indicates slow awakening by colleges to the n*eds of these teachers 
facad with a curriculum vastly different from the one they experienced in * 
i their own* schooling' or college preparation. In tjie Wement.ary school, as in 
•the high school, the question of relations between mathematical competence 
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and student achievement remains unanswered, /The available information is not 
encouraging. 



R. Moore (1965) examined the hypothesis that there is a positive,. rela- 
tion between level of teacher understanding (as measured on the Glennon Test 
of Mathematical Understanding ) and student achievement (as measured^ by the 
SRA Arithmetic Series ) . Using 10 fourth grade and 11 sixth grade classes 
as subjects, he found no significant correlation between mean classroojji gain 
in achieveme nt^an d teacher understanding in either fourt±^ or sixth g?ade 
classes. He did discover a significant correlation between the within class 
variability of achievement and teacher understanding, with more ,knowledge- 
able teachers producing greater variability. This correlation was not sig- 
nificant at the sixth grade, but there, limitations imposed by the ceiling 

of the achievement test were a factor preventing significance. 

In another doctoral study, Lampela (1966) .found little evidence of a 
correlation^ between teacher understanding and change in pupil understand- 
ing of certain concepts in elementary ^school mathematics. W. Smith (196*0 
looked at interrelationships among arithmetic achievement of eighth graders 
and patterns of teacher preparation.* He found special subject matter prep- 
aration and years of teaching experience were not independent predictors of 
student achievement, but professional education preparation of teachers 
apparently was such a predictor. * . 

Gogga^t (1964) examined the connection between arithmetic problem-solv- 

. • . . T c*" * 
mg abilities teachers and the growth in prob Jem-solving ability of their 

students. He found no significant relation.- ~ — * 

Yet another discouraging" report comes from Rouse (1967) who examined* 
correlations between* academic preparation of elementary teachers and achieve- 
ment of their s"tudents^ T T^acner—attidbu^es were high school and college. prep- 
aration; student achievement was measured in arithmetic reasoning and funda- 
mentals, as determined by .examination of permanent records. In three groups — 
Grades K-6, and K-8 — Rouse found almost no correlation ^between teacher 

-attributes^and-studentv achievement^ — — T • ~ r ^ ' 

As, is the case with teacher characteristics Research at the secondary * 
level, *it appears that predictors of teaching Success will not be found among 
the obVi6us variables of A experience , academic preparation, and mathematical > 
knowledge. It might be that the mathematical knowledge of , elementary teachers.^ 
is uniformly so low that it does not play an important role in effectiveness. 
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This should be watched a^.the academic preparation of teachers improves" under 
influence of new teacher education proposals. t »• . 

, A more sophisticated approaclnPto the identification^^ef^p^ive^ele-' 
mentary school teachers is illustrated in 'a study by Peskin tl964). On the - 
basis of standardized tests, she classified attitudes and mathematics under-' 
standing of a group ^f seventh grade teachers as high, middle, or low. She % 
then made a simila£appraisal of student achievement and attitudes and in- * 
vestigated the interactions among teacher and student attributes* This 
analysis produced several interesting and significant correlations. For 
,example, teachers with middle range attitudes toward mathematics and high 
mathematical understanding seemed to produce, best student achievement in geome- 
try. Teachers with low attitudes-and high understanding produced poorest 
student achievement in arithmetic. This type of knowledge-attitude-achieve- . J 
ment interaction looks like a promising source of' deeper insight into the . J 

teacher characteristic problem. ' • J 

. Turner (1964) reported progress- in a different kitfd of search among com- • 
^ plex interactions of teacher variables. He analyzed teaching as consisting of 
three types of work tasks: (1) the setting of # tasJ<s for pupils, (2) apprais^ 
al of pupil, responses according to criterion responses, ajid (3) instructional » 
'tasks' designed to close the gap between observed and expected student per- 
formance v Next he devised a paper and -pencil # test of teacher problem -solving 
I ability, Mathematics teaching Tasks , (MTT)„ which vas shown to differentiate * 
1 between experienced and inexperienced teachers". * ' 

, -In the main study, involving beginning teachers in 12 fndiana school dis- 
tncts, Turner sought significant interactions among scores on the MTT, teach- 
ing success (measured by supervisor ratings},- and various socioeconomiq in- 
d \ ces ^ easurec ^ b y Ryan's Teacher Characteristic Schedule )' condelming the. 
teacher and the institutional cdntext Within which he worked. Although the 
study was not considered conclusive 'in any of its findings, it suggested a * . * 

y variety -o£ ^ypp|hesep about the way theach^success and MTT ^ability Change j J 
during first yeai?& of teaching and the ways these 'factors are influenced by 
the socioeconomic makeup of the community ia^which .the. teacher works. 

In particular, the combination of teacher characteristics that will be 
m associated with success in a' given institutional context appears to depend ^ ^ \ 
primarily o,n the socioeconomic composition of the student population. When 
a Jarge proportion off students are of working class background*, performance 
of the teacher on the MTT is a good indicator of success. On the other hand, 
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when a large proportion of the students are of; middle class background, the 
pej?sonal and social characteristics of the teacher appear more critical. 
Changes' in ^ea>sher ability as measured by the MTT also seem to be related to 
the socioeconomic makeup of the community. %e criterion measures involv- 
in£ supervisor ratings and the assessment of socioeconomic status are both of 
questionable validity. Nonetheless, the most obvious conclusion of the in- 
vestigation was that^he question of predicting teacher effectiveness is not 
•to be simply answered by direct measures, 6f obvious variables , but must be* 
viewed as a complex interaction of several interrelated classes of variables • 
ThYs is a good guiding observation fori those interested in^^gfture teacher 
characteristic and effectiveness resea: 



ar\h. 



Teacher Classroom Activity „ ^ 

The studies of Torrance and Parent (1966), Peskin (1964>, and Turner 
(1964) indicate promising ap*proaches to "identification of teacher attributes 
critical in predicting effectiveness. Even if simiiar~s~tudies» idel^ify 
other important teacher characteristic' variables , however, such foldings are 

• ' - ' v «v. 

of Ignited practical value as a source of theory on the teaching process. w 
Teacher attributes correlated with effectiveness are useful primarily as pre- 
dictive measures in the selection ^5f those who will teach. Such^factors as 
personality, intelligence, knowledge of mathematics , and expedience are Static 
elements of teaching measured prior to classroom activity. Measures of these 
variables indicate nothing about the way a teacher behaves in the classroom. 
To study teaching without looking at classroom activity is to- overlook the 
dynamic aspect of the teaching process, a § 

The classroom behavior of mathematics teachers has been popular topic of ( 
research* for many years. However, the results of comparing various name 
mel&ods of teaching — discovery, laboratory, lecture — are generally inconclu- 
sive and" unreliable. Recent developments in_instructional technology — tele- 
vision, computers, and teaching machines — offer, in addition to alternative 
teaching procedures, valuable tools for conducting research relevant to con- 
vent idnal classroom teacfiin^. % r<r . 

The review in this section covers research on* teacher activityin the,^ 
classroom and is divided into five major areas': (1) methods of presenting* 
matheSatical*ideas, (2) ^media.^for instruction, (3) teacher-pupil interaction, 
(4) class arrangement— inciting grouping, size,,and team teaching, .and 
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(5) instructional impact of certain curriculum development projects! 




^ Teaching Methods > \ *j 

Discovery . The "discovery methpd' 1 is the pedagogical catch phrase in 
modern mai^ematics, arid the most popular type of teaching methodology study 
is a comparison of some form of discovery teaching wi*th conventional teaching. 
For example, Howitz (1965) taught one class ^f ninth grades-general mathe- 
matics using a guided discovery method and contemporary mathematical content* 
(NCTM Experiences in Mathematical Discovery ) and another using traditional 
methods and content (Stein Refresher Arithmetic) • After one school year of * 
such procedure he found no significant differences, in the achievement, of the 
two groups , as measured by tKe Sequential Tje&ts of Education Prog/e ^ ss in * * 
Mathematics (STEP) and no significant difference in attitudes .of the two 
groups toward 'mathematics, A specially designed posttest of achievement did 
show significant differences^ favoring the experimental class, but that is 
hardly surprising. '* * s - v 

At the elementary schdpl level, Fleckman (1966) inves*igate?kthe effect 
/ * * 

of discovery teaching on learning of division. In a pair of studies involvr 

ing a totaj. of 246 fiffh and sixth graders, she found that discovery teach-* 
ing produced significantly better concept learning but no better skill learn- 
ing than conventional procedures. The discovery method was defined and 
implemented by a combination of specially written materials and personal con- 
sultatiohs with the investigator' and* the teachers, * 

Ball^vT (1965) and Price (1967) probed the impact of discwrer^ teaching 
on critical thinking abilities of . high school students. 'Ballew's study in- 
volvj£ a single ^teacher and three classes, one a control class and two others " 
using specially written* discovery ledsons for a perp^Lof eighteen weeksr. * 
£re- and posttests of achievement (StfEP) and critical thinking' ( Watson-Gla'ser ^ 
Critical Thinking Appraisal ) revealed no significant differences in .achieve- . 
ment attributable to the teaching treatment, a significant difference, in 
critical thinking favprabje to one of the experimental classes, and up. sig- 
nificant interaction between the Caching treatments and achievement 7 criti-. 
.cal- thinking growth/ intelligence , or aptitude. . * \*T** W: ?*J. *y?L^ 

Price designe/ three teaching treatments for high school general mathe- % 
4 ^ % * * *~ ^ 

matics classes*: ' V % *% ^ ^ ^JjJ 

1. Control-iLecture and recitation*. * *- a ^ / * - ' 
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^ 2.v Discovery— Special materials to promote discovery. ' 
3. Transfer-Discov^r^lus special^ materials designed to promote trans- 
, fer and analytic thinking methods. . ' » 

Pre- and posttests^of mathematics achievement, reasoning, inductive reasoning, 
3nd critical thinking plus a questionnaire on attitudes, ,showed that discovery 
and transfer methods produced no significant difference , in achievement, a 
greater increase in m3thematic|l reasoning, arid positive attitudes toward 
mathematics compared with the traditional methods. The transfer method pro- 
duced a significant increase in critical thinking, which, in combination^ 
Ballew's mixed result,' indfAtes that discovery teaching can produce in- 
creases in ^critical thinking abilities of students only if special^ attention 
is paid to cultivate that ability an^its transfer. 

Two college level studies compared methods in the. discovery /lecture fami- 
lies. Levine (1967) £aught two classes of freshmen mathematical analysis 
using a theory-to-appli cation approach in one and an experience- to-*heorv 
approach in the other. 1 Scores on posttests and delayed posttests showed the 
experience-to-theory method superior for cultivating- student ability to solve 
problems in mathematical analysis, ability to generalize, and ability to apply 
new generalizations. The question of interaction pith specific student popu- 
lations is raised by contradictory results from a similar study by Caruso 
(1966). Caruso taught concepts* of abstract algebra to college freshmen by 
what were essentially rule-example and example-rule methods and found, the 
former method more^ffective . Of course, differences in subject matter and 
criterion measures in the two studies also complicate comparison of findings. 

*3jn any classroom Investigation of teaching styles, such as those'cited * 
abov%, two fundamental questions cast doubt on an^ results. h^SL^ number of' 
•teachers cfearly and consistently make their teaching behavior conform to 
a single discursively defined* method? Does the name of a' method, for example* 
"discovery, "^mean the same thing to each of .the reporting investigators? 

1 One way v to avoid the first difficulty is to present instruction through 
an impersonal medium, such as television or programmed instruction, Henderson 
and 'Roll-ins- (196.7) used the latter method to compare 'three types' 3f discovery 
•teaching. Analyzing the logic of concept formation, they derived three 
•possible ways to teach concepts from geometry:* (1) agreement— a .series of 
positive ins^ancfes only, (2) paired instances of agreement and difference, and 
(3) nonpaired instance? of agreement and difference. They selected ten 
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„ concepts from high school geometry to be taught to eighth graders by the vari- 
ous 1 strategems. The strategems were, written in^o teaching programs and ad- . 
ministered to the students. Although Henderson and Rollins hypothesized that 
middle and low ability students would do better under Treatments, this was 
not borne out* in the achievement testing. Apparently all thr^e -strategems 
are equally .effective, , suggesting that critical interactions between treatment j 
• and ability lie in more subtleMrariables . * & ' 

4 The Henderson-Rollins procedure is one way to solve the problem of re- 
liability in teaching methodology research Of course, interpretation of such 
results 5s valid research oh classroom teaching is questionable. Another 
^approach would be detailed behavioral definition of the methods and use of 
classroom observational techniques (discussed later) to insure conformity to » 
the methods. This, however,' sidesteps the second question posed above, "Does 
'discovery' refer to a weir defined, commonly understood pattern of teacher 
behavior?" This is an issue s'till being -vigorously debated in mathematics ed- " 
ucati'on^ * 

The emerging point* of view is that there are probably ma.ny* forms of in- 
struction that have discovery components. The proper direction *of research 
then is to deterininethe differential impacts of each type rather than seek 
some single method 9S?£or all situations f ^*Thus methodology researches 
shifting toward investigation 6f the complex interaction between content, 
teacher behavior, .student aptitudes and student outcomes . The objective is 
% to find the specific teacher behavior style most effective for specific mathe- 
matical^ topics and specific kinds of^student populations.* This emphasis, part 
of growing interest in individualization of instruction is exemplified in^ 
V ATI studies, studies of Aptitude-Treatment Interaction . *w „ " 

Aptitude- Treatment Interaction . The first challenge in ATI research , 
still in an exploratory stage, is to show* that instructional treatments can 
•be constructed thSt give evidence- 6f#a^titude- treatment interaction effects , 
ori relevant outcome measures, Kropp, Nelson^, -and King (1967) devised four 
packages of instructionaX.materials for teaching^lementary set concepts/ 
Each package was designed to embody one of four treatments: (1) verbal-, 
deductive, verbal-inductive, (3) f igural-de,ductive , or (4) figural-induc- 
tive^Tfe 'rta't|eH^& was presented to 400 elementary school students in two 
days.^/Tbattery of a^itude tests and a 24 item ^criterion test (containiife 

s „ « < t ~ v © * * 

^equal numbers of verbal and figural items) wexe-admini4tered .to test the, 

• « ' • , „_ »- ^ / /" t V 

Vfollowin^, hypotheses :, , • s . v ^ Ll , 
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1. Verbal ability will be more closely associated with success in ver- 

< bally presented materi^ than will t £igural ability ;* figural ability > 
"will -be more closely ass/orated with success in figi^ally presented, ' - 
'material. ' * # - ' * * V > 

2. Measures" of inductive reasoning will have significantly higher re- 
gression coefficients than measures of deductive reasoning when an * * 
inductive mode of presentation is .used; deductive reasoning measures 

•will have significantly higher regression coefficients when deductive 

presentation is made. { '*' * V 

Test data showed that for heterogeneous groups the treatments \wege equally* * 
effective; the inductive-deductive interaction was significant at thA '.05 level 
in the direction hypothesized. The failure of verbal-f igural interaction t6 m r $C# 
appear might be attributable to inadequate distinction -in the treatments, in-y. 
' valid aptitude measures, or irrelevance of the verbal-f igural dichotomy in 
. - the chosen Reaming task.,. « t ^ 

Twq^dpctoral 'studies derived from the same problem' area (Behr, 1967, and 
^ Davis, 1967) examined the verbal- figural treatment dyad in other^content s 
areas with subjects at'different age levels. Behr taught a one Say programmed 
lesson in mod 7 arithmetic to 229 students in an elementary" college mathe- 
matics Course. Half the programs embodied a semantic-symbolic mode "and half a 
figural-symbolic mofle: He administered ability test in two sessions, treat- 
ments in one session, a learning test in the next session, and a retention test 
two weeks later. The major result was high correlation between semantic a- < 
bllity, and success on the semantic treatment. %' 

* Davis (1967) tested^ the semantic-f igural interaction ^in classes where the 
topics were finding the derivative of an algebraic expression and Multiplying 
, vectors. .He observed' no prominent interactions. ' • 

In another doctoral' ^tudy "of ATI effects, Becker '(1967) designed two> 
' different, kinds of ^instructional treatment for teaching summing of number 
series. Treatment A"* gave /the learner the correct formula, in both verbal and 
symbolic [form, for/ summing a^pa^cular series and tljen explained^ the struc- 
tural relationship between formula and series |f Treatment B broke the learn-* 
( / ing task into many s,t.eps leading to discovery of a formula. * The -treatments 

were written into. programs 'and administered to Algebra I students, matched in 
pairs ^according to verbal and mathematical aptitude*. * ^ • ' . 

On tests of ability to recall terms\ symbols, and formulas, abi}ity to 
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find the sum of n terms of series , and ,a£ility to devise a ^formula for the 
nth term of a series, there, was^no evidence of significant aptitude-treatment 
interaction. As in the Kropp, Nelson y and King stfidy', lack of interaction 

effect might be attributable to irrelevance, of the! treatment variables for 
/ / * - • . 

the particular, learning tasks. ; • ^ 

* - ' *\ *<\ - ., - 

Carry (1968) examined the interaction of spatial visualization artii gen- 
eral reasoning abilities with two methods of teaching quadratic inequalities. 
He prepared programmed instructional treatments, characterized respectively 
as graphical and analytical. Students in nine ge.ometry classes studied the 
programs for two days . 1 % * * 

; * Result s*from an immediate recall learning test did not support the hy- 
pothesis of aptitude treatment interaction. A transfer test £id indicate 
interaction, but this finding was confounded by low reliability of the trans- 
fer test. * ; 

} The importance of ATI effects can be confirmed or denied only after 
broader exploration of possible treatment and aptitude variables. Use of ^ 
programmed instruction has limitations^, a, research simulation of teaching- 
methods, but the value of clearly^defined, repeatable experiments seems &> 
outweight these limitations rij^t now. The brevity of teaching programs, 
while useful for experimental purposes, cast^ doubt on the application of 
findings to. long-terti teaching methodology. 

Individualization . AJt studies are one important phase^f the process 
of justifying and designing programs for appropriate individualization of 
instruction. One interesting study (Ebeid, 1964) explored the integration 
of an individualized component into normal classroom situations* * 

Using seventh and eighth grade classes studying SMSG material, Ebeid de- 
signed an experimental treatment in which one period a V/eek (two during the 
second s ernes ter)* was devoted to student self-selected study. Although pre^ ^ 
and^posttests of achievement (STEP and special SMSG oriented tes£) and atti- 
tudes showed no significant differences between ^the experimental* and control * 
'classes, all trends^favore.d classes expos.e3 to the individualization .com- • 
ponent. * \ ' . * 

Moody (1968) conducted a different kittd of study that: 'has aObearing -pn ' 
the question of individualization • He compared a student self- instructional.' 
procedure with a teacher-directed procedure in teachi^>c6ncepts^pf nonmetrifi 
geometry to fifth graders. Comparing "class means for 19 classes (6 self ^ „ / 
instructional a,rtd 13 teacher-'directed) he found achievement in the teacher.- ' 
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directed classes far greater than in the serf-instructional classes. He also 
investigated correlation between teacher and student knowledge and found that 
the correlation was high on simple definitional type litems but not on more 
complex items involving application or problem solving with basic .concepts. 

^ The differences noticed between the two methods, of instruction might be 
due to weakness in the type of material presented to students for selfrin- 
% struction or to lack of student experience in self- instruction. 'The results* 
suggest, at least, caution in attempts to turn all learning over to student 
self-instruction . 

Disadvantaged Students . The original impact of new curricula in s-chool- 
mathftmatics was in programs for capable students. Now there is growing in- 
terest in methods of teaching low achievers and disadvantaged students — a 
special kincl of aptitude-treatment interaction problem. .But the extent of 
this concern is not yet reflected in reported research. Four reportea stud- 
ies— Easterday (1964)^Engel (196§), Castaneda (1967), and Jones (1968)— ■ 
involved development and tr"ial of new programs follow achieving and disad- 
vantaged students. ^ " « 
-In a study with more ge.neral implications for teaching low achiever 
Wiebe (1966) compared three methods *of using programmed instruction with s 
students. The treatments were (1) programmed instruction with immediate re- 
inforcement, (2) half programmed instruction with immediate ^reinforcement and 
half teapher-directed instruction, and (3) half programmed instruction with 
delayed reinforcement and half teacher-directed instruction. Wiebe adminis- 
tered the* treatments to 236 experimental subjects for five days. Pre- and- 
posttests and a one week delayed posttest showed that Treatment 2 produced 
highest score and significant gain (p<.05). He, concluded that low achievers* 
apparently need some interaction with and instruction from a teacher to make 



most effective progress. 

E%ychological Theory to Teaching Theory . Tjhe recent reconstruction of % 
the school mathematics curriculum has also led to a vigorous revival of in?- 
terest in the psychological aspects of mathematics learning, led by Piaget, 
Brune¥% Dienes, Suppes , and Gagne . Such a combination of curriculum and 
psychological research^empnasis seems %o reflect a belief that having de- 
terming the^ important mathematical ideas and how children "*learn these ideas, 
effective teaching procedure is a routine corollary. There. is, however, a * 
'^growing awareness that the matter* is hot so simple; translation of learning 
theory ip*tq^ meaningful* guideline's for teaching' is an iftpor,tan$ problem worthy 
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pf-'the 'best efforts q£ ingenious teachers . Evaluation of pedagogical theories 

* derived 'from learning theories is an important emerging area of research. 
• - * 

The- Cuisenaire m%thod <3f. teaching arithmetic is derived,, at least in- 

part, from the Piagetian theory that young children's thinking' is limited to 

concepts with immediately* available concrete referents. Gowder (1965) and 

Hbllis (1964) each compared effects of teaching arithmetic by Cuisenaire and 
• *» 

conventional methods and found ^the Cuisenaire metTiod superior, particularly in 

\ ' I * *" 

concept learning. 

In two other studies^ testing the pedagogical implications of Piagetian 
theory, Tpney (1968) and Trueblood '(1967) compared teaching methods in which, 
students manipulated concrete instructional materials with. methods in which 
the teacher simply demonstrated or described the manipulation.' Results.^id 
not significantly sjupport the student manipulation method (presumed to errtbody, 
the proper psychological principles). The Toney study, however,' involved a 
very small sample, and in both studies Piaget's theory. has been oversimpli- 
fied and superficially interpreted in the, Resign of the two instructional 
treatments. — * \ ~ 

.Woodward (1966) conducted .an interesting* experiment to test an idea of,, 
Ausubel that meaningful verbal leaming^can occur only when more inclusive 
relevant concepts exist and are/readily available in the cognitive structure 
of the learner. The idea implies that presentation of ^n advance organizing 
concept prior to a ^verbal learning task will enhance learning. Woodward ex- 
amined this hypothesis and a^Jcirid of converse which proposed that discovery 
learning would be more successful if overt postorganizers were presented after 
discovery, A • ' 

He taught mod 11 arithmetic* to* a total of 44 college subjects using four 
methods— (1) prebrganizers and 'discovery instruction, (2) preo^ganizers and 
verbal instruction, (3) postorganizers'*and discovery instruction, and (4) 
postorganizers and verbal instruction— each mediated by computer. A "learning 
test (administered one day after instruction) and a transfer test (adminis- 
tered one week later > yielded no significant differences >r^ii>t enactions- ^to /* 
support any of the hypotheses T*H&L m interesting nextrstep -in this direction 
wchld be- compari s o n ' of ' t l igsg^results with yeira third treatment, no pre- 
or postorganizers., reflecting Hendrix' admonition about premature ^verbalL| 
'zation and its effect on discovery learning, * - ^ 

In another sort of test* of the advance organizers ideV, Procter (1967) 
testecV the hypothesis that student learning 2nd class participation would 

*" . <r . ■> . 
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increase significantly if (f) specific objectives were clarified for the stu- 
4fnt before presentation of the learning task* (2) effective feedback appa- 
ratus was available during the learning task, and (3) there was an .objective 
relation between achievement of specified behavioral goals and course grades. 
Proctor derived these hypotheses from Gagne's theory that every learning task 
can be described in "terms of desired behavioral objectives and analyzed 
into a number of prerequisite simpler objectives. His experimentation 4on- 

1 finned the learning aspect of the hypothesis, but level of student participa- 
tion in class was not significantly affected by implementation pf the stated 

•procedures. 

Yet another translation of psychological theory into teaching theory • 
was reported by Farrell (1967), She attempted to devise an optimal approach . 
to teaching high school geometry based on>fche cognitive activity" of pattern 
centering— the process of sorting information into categories or patterns and 
analyzing constructed patterns, to determine relations among them. From' analy- 
sis of the subject matter and the learning characteristics of the intended 
students, she concluded such an approach would be appropriate. V The crucial 
translation into actual teacher behavior prescriptions and toting tfjPre- 
sults were not a part of the study, but an interesting hypothesis was* sug- 
gested. \ 'M \ 

J • « V » ..•-•* V: 
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Media of instruction 



Programmed instruction is playing an important, research role as~V means 
of simulating classroom instructional methods-under rigorously con.trolled, 
km; '^P eat ^ le conditions. Programmed instruction, however, was originally' con- 
ceived as a replacement for traditional classroom teaching--^ tool wbi^h _could 
' "*";p£fer pacing.and feedback on an individual basis. Since mathematics Xas been 
d pcipujavtopic for developers of programmed material", there has been a great 
^ffi^&f ^ earch on the effectiveness-^ this new instructional medium. The 
Jfe ^ost 1 frequently debated and 'tested question has been the relative merits of , 
programmed 'and teacher-directed instruction. Results of media comparison 
studies have failed to establish the superiority of programmed or conventional 
t instruction. , In* fact, the, evidence is sharply contradictory. * ^ A 
j Zoll (1969) reviewed research in programmed instruction and found that in 
13 such comparative studies three showed significant differences favoring pro- 
grammed instruction, three showed significant differences favoring traditional 
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instruction, and seven showed no significant differences. (See Devine,' 1968, 

Kellems, 1965, or Dobyns, 1964, for example.) i 

Research in programmed instruction has thus, quite properly, moved in 
- . *. * 1 ■ t 

the direction of studies seeking the interactive effects between "various 

types of programming, subject matter, and learner characteristics and stud- 
ies <pf how programmed materials can be most effectively used^ in conjunction 
with standard teaching procedures. For example, Morgan (1965) and Callister 
(1965) examined stress, anxiety, and achievement interactions in programmed 
and conventional classes ■/ and Wiebe (1966) tried to find the most^ effective 
-combination of programmed and teacher-directed instruction with low 'achiev- 
ing students, * • 

r 

In summary, it seems fair to conclude that, far from supplanting teacher * 
classroom instruction, programming will probably prove- to be an important in- 
structional device to be .integrated into, a total instructional plan where 
most effective. 

Television is another instructional medium that has come upon education 
'offering great promise of improving instruction. A^"yet, the research evi- 
dence onlmetehods and effectiveness of televised instruction in mathematics 
is slim j particularly in elementary and secondary schools. / " 

Th4 best known use of television in* elementary school mathematics in- 
struc-tfion is 'Patterns. ^ Arithmetic (PIA) ,, developed ,at?the University of 
Wisconsin. PIA utilizes television ^lessons and coordinated ireacher manuals ^ 
and pupal exercise books i£ an arithmetic program for-Grades 1-6. The course 
is, now being" used by over 135,000 students.-^ in eight states. 

During^ the ,1966-67 School year,, the Wisconsin Research and Development 
Center for Cognitive Learning directed a summative, noncomparative evaluation 
of the PIA program In first- and third-grade. classes of selected Wisconsin 
and'Alabama Schools (Braswell and Romberg, J.969)." Bq£h_s4Jandardized and \ ± 
specially designed achievement tests were used to measure arithmetic concept 
attainment, computational ability, and other special goals of PIA. The re- 
suits were generally favorable to the televised program. Furthermore r opin 
ion inventories showed that both feathers ' and students liked the televised 
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• .Multivariate analysis' of variance was^sed to examine the effect; of 
community size, stafe, and socioeconomic sta,tus2a^achievement rrrTIA. The 
only significant difference indicated tha^?8isc6nsin student^Sid better on 
standardized computation tests th*i their Alabama counterparts* Trends 
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favored hi|h socioeconomic groups, particularly on the stlndarfdized tests of 
concept attainment. . it' 

^ '"In the secondary school, instruction by television is not;at all' common . I 
^ Colleges are the main users' of televfsed instruction/ and this is more a 
. reaction to exploding student populations^ general mathematics courses than 
to careful appraisal of the merit in this mfdium. 

Nazarian (1967) observed that most studies have shown television to be 
. as .effective as standard instructional techniques--at leas^on gross measures 
of achievement. He investigated the response to television, of various ability , 
groups. Using two 'classes each of high and low, ability (measured by'sAT^ ' 
score) college general -mathematics students and an experimental instructional ' 
pattern of two television classes and one recitation per week, he found that 
*a jpntrol, standard lecture method produced better achievement; high aptitude 
^ students did better in the experimental course, but low aptitude students did 
better in the control course. None of these differences was significant, . 1 
however. $> ^ 

•In another college level television experiment, Lane (1964) examined 
several ways' of making up for the lack of teac her-pup il interaction when in- „ 
struction.is mediated by television. He found that a programmed booklet- based 
on assigned problems was superior to a classroom help session and to a kine- 
scope problem session. 

• ' * / — s. i • 

From the evidence, or lade of evidence, in research,' it is- clear that the 
possibilities of television as a component in mathematics instruction have 
, barely been tapped*. 

* 

Teacher-Pupil Interaction ■ •> *»* 

If teaching methods research i Sj e.ver to^^uce reliable results in' class- 
room experimentation, it will be necessary to^lvelop-rigorous- behavioral- defi- 
nitions of teaching styles and observational techniques that dependably and 
accurately measure conformity to the styles in question. Throughout educa- . ' 
tional research there is a growing interest in systematic, empirical study of 
^ teacher-pupil behaviors that shows promise of providing these necessary be- 
•' havioral concepts and observational methods.. Application of^hese techniques * 
to study of mathematics, teaching 'in particular has been limited, but promising.' 

Interaction ^Analysis. Flanders' system of Interaction 'Analysis gives a " 
procedure for quantifying direct and indirect teacher influence in the class- 
rooni that has, been used to test a variety of conjectures concerning the 

' \ . ' ' — * ' . • " 
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relationship befween classroom climate and student achievement o^ attitudes. 
In| study of 16 mathematics classes, Flanders (1965) examined the following, 
hypotheses: (1) Indirect teacher influence increases student learning when 
a student's perception of^the goal is confused and ambig^ps. (2) Direct 
teacher influence |ncreases. learning when a student ! s perception of the goal 
is clear and acceptable. ^(3) 'Direct teacher influence restricts learning 
when aJs^tuden-t^s p^rceptiqn Jbf the .goal is ambiguous. v , 

AiO 1 f*g V *s \ t u ' ' 

Alk three hypotheses were _supp£rted. ^ccessful teachers consistently 
exerted more indirect influence tha^ "direct influence. These successful 
teachers also showed a tendency" to move from extreme indirect influence at 
the beginning of a unit of study, when goals were more ambiguous, to more m 
direct influence as goals of the unit become clearer. 

Interaction Analysis was*also used by Torrance' and Parent (1966), and it 
became part of an expanded instrumerrt uied to study pupil involvement and 
mathematical content in the "Five State Project" at^the Minnesota National 
Laboratory. * ^~ 

m> The "Five State Project" was begun in 1961 as a field study of effec- 
tiveness of four experimental secondary school mggfhematics programs. One 
aspect of this evaluation (Wright, 1967} was an attempt to^describe the 
effect of experimental curricula on patterns of teacher-pupil verbal interac- 
tion. Flanders devised a modification of his original system to determine 
involvement fcehaviors— the frequency and roles in which students are drawn 
into various aspects of classroom activity. A content oriented observationa^. 
system derived from one of Wright and Proctor (1961) yielded data about the 
pattera^of contej^behaviors^-the i^^tiv^m^as±s^^^^tS^aUan& con- 
ceptual mathematicaf activity in experimental and control classes. 

Sixty-two observers used the involvement part of the observational sys- 
tem during the spring of 1964 and spring of 1965. The procedure used required 
the observer to note once .every three seconds which type of involvement be- 
,havior occurred. The categories w'ere: 

Teacher — {!) clarifying, encouraging, summarizing, 

(2) contacting, checking-, (3^ confronting', * 
seeking, (4) soft or hard challenging-,^ * \ - 
jolting, ( 5 )♦ informing, lecturing, (6) . " 
• directing. . , > . m 

Student* -^(7) receptive , passive , (8) independent, 

active, (9) curious, creative * ( 
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General — (10) silence, confusion > organization^. 
The accumulated data showed that pupils in both experimental and control 
classes played about .the same role-v-passive .or limited to highly, controlled * 
responses amounting to about 20 percent of all behaviors. The two signifi- 
cant differences showed that experimental teachers asked more confronting, 

seeking questions', and their students responded more independently. However, 

I * ' * * 

this behavior constituted only four' percent of all activity. 

fwenty-five Observers usedliTie--content part of the observational system 

during 1964 and 1965 also. The contefvt behaviors were tallied every three _ 

secdn,^in 'one of [three major categories: 

S (1) Fundametjtals-/-consideration of the body of knowledge presently at 
/ *** 
\,/ command of the pupils. Subcategories— structure" and 

4 techniques ./ — 

(2) Relations^'-'consfderatioj/of new or broader concepts in^mat hematics-. 

Subcategories— deductive, inductive > and statement, 

(3) Applications use or practice of a concept in specific problems, 

\ _ rt _ either ,in or out of mathematics. Subcategories — " 

mathematical- and other, ' 

The data presented no clear pattern of frequency or sequencing amon^ the cojir^ 
tent behaviors in either experimental or control classes. There was slight 
indication that class discussion in experiment, programs paid more attention 
to theoretical matters than that in control classes without de-emphasizing 
. basic problem^ltflving skills. ?• 

The lack of evidence of strong behavioral pattern differences between 
experimental and control classes might 'indicate that curricula alone do not-- ? 
exert the hoped for influence on classroom procedure. There were a howeve^ 
four quite different curricula lumped together in the experimental classes, 
Furthermore^ the content analysis system does not seem sensitive enough to 
fully and accurately record the structure of mathematical discourse. „ 

Other Classroom Observation Schemes . Pate (1966) used a'different kind; 
of observational instrument to examine what he called Transactional Pattern 
Differences b'etween classes studying SMSG and more traditional curricula. 
Contemporary mathematics programs generally place* more emphasis on processes 
of- discovery and inquiry and^use more, formal mathematical symbolism. There-- 
fo ^'-:£ ate / sought ( ei ^ irical evidence about differences"^ teacher-pupil in- 
teraction in„ SMSG and traditional classes and the extent to which SMSfc teach- 
ers implement the % discovery and inquiry urged on them. He developed a ' 




' ° ■ ^ « t 

. ! - CLASSkOOM TEACHING 

* 

composite observational' instrument cpnsising of a Teacher^ Question Inventory , 
an Analysis of Patterns of Pupil Response , and the Prove Code (Hughes et al. , 
1959). Observers recorded activity ig^forty classes, half using SfclSG and 
half . traditiorfal^rograms , twi&e each. 

The data \iorrqfcorate findings in the involvement aspect of the Five State 
Project; that is, the predominant pattern of interaction was one in which 
recall and recognition questions were directed at individual' students in a 
climate of control. Although there was some evidence that S^SG teachers 
used more divergent and analytic questions to elicit spontaneous and creative 
response, this behavior was only a small part of classroom activity. 

Evidence from these two studies seems to indicate that Suitably designed; 
experimental curricula can have a noticeable influence on patterns of class- - 
room interaction. Moreover, observational instruments themselves, ccmsjgj^g - 
of behavioral concepts whose referents are identifiable in classroom activity, 
offer an instructional framework and language for meaningful efforts to 
change teacher behavior. 

In a doctoral study,, Buck (.1967) used the Observation Schedule, and Re- I 
cord (OScAR) to compare teaching behavior of intermediate school teachers with 
varying mathematical ability and classroom experience. He visited classes of j 
teachers paired according to mathematics achievement and experience, eight 
scales on the elementary mathematics version of OScAR reliably discriminated " 
teachers of varying mathematics achievement ,^thus, suggesting that knowledge! of * 
mathematics is a factor in choice of behavior. 

Two .other investigators, Stilwell (1967) and Fey (1969), developed spe- 
cial instruments fc\a?ecording mathematically and pedagogically significant 

*V 0- 

aspects of classroom verbal behavior. Stilwell devised 16 categories to ' 
cover possible behavior during problem-solving activity 'in geometry classes. 
Itien using a three sedbnd time unit for„observation, he Examined problem - 
solving activity in classes of 12 teachers," * 

Da,ta from ttfiese observations were used to develop a profile of classes 
for a "composite" teacher and to compare classes of individual teachers. 
Like Flanders, Stilwell, combined teacher behaviors into\*o classes^ to get. ah 
E/D ratio indicating relative amounts of teacher talk encouraging and'.dls- ' ' 
couraging 'student involvement. ' He found that greater teaching experience had 
a significant positive correlation with amount of encouraging .behavior. 
• Another extremely interesting result was , the fact that all teachers differed 
significantly ^(p < -.005) from the-composite teacher f 
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Fey (1969) developed a system for analyzing the pedagogical function, 
duratiorf, content, mathematical activity, and logical purposes of 6 each 
utterance in classroom discourse about mathematics. Following the lead of 
Bellack et al. (J966), he viewed teach errand 1 student verbal communications as 
moves in a classroom" language game and tried to discover the^ules of this 
game^s*rt was played in classes of five teachers participating in the 
^ Secondary School Mathematics -Curriculum Improvement Study, The instrument 
gave evidence of being a* sensitive iv indicator of the patterns of mathematical 
activity in secondary- school ^classes. * 

In both the Stilwell and Fey stupes the major objectives were to develop 
reliable and valid techniques ,for, ciesdribing verbal behavior in mathematics 
classes and to genp;ate^OTptfieses forifurther investigation. The value^ in c 
this^ effort can be. j^e>fe^d^only if the studies are followed by experimental 
classroom research "Using the observational schemes, _ K 

Teacher Organizatjopal Responsibilities ' \ * . * ^ 

V / 

The central responsibility of a teacher isc active leadership of class- 
room^ learning activities. Thus .research most often focuses on patterns and' * 
'media of classroom instructional behavior. In preparation for teaching and 
during a given class session however, the teacher is called upon tp make a 
variety of procedural decisions invlsj l y a in| grouping of sfudents , class siee, 
assignments, pacing, enrichment, and so on, A number of studies offer in- 
sight into most effective choices in these procedura? decisions, 

' Grouping , As part of the attempt to present students 'with a program 
suited to their individual J.evel of mathematical ability and achievement, 
homogeneous grouping has become a standard practice throughout the secondary 
school. Three reported experiments examined the effects 1 of various ability 
grouping arrangements, *' s 

Stevenson (1966) investigated the interaction of ability, achievement, 
,and groining when 142 seventh 'grade students were grouped \ac cor (ding to diag- 
nostic pretests before each of ten units. He found that an ayerage of s^ixty 
students changed groups at the end of a unit; thefe'was rio significant 
difference in achievement of arithmetic computation or application ability 
between those^students who change^ frequently and tKose who changed seldom; 

but those who changed seldom v had a significantly higher arithmetic. concept 
gain. ♦ „ ' 

•A ■ ' 
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A similar flexible ability groupirig^procedure was tested by Willcutt 
(1967). He Jailed to find significant differences in achievement between 
experimental an;d control classes, but, a .significant difference in* attitudes. 
■ favored the flexible grouping procedure. . * •„ , 

-Campbell (1964) compared whore class instruction and a within class 
grouping procedure in seventh grade arithmetic instruction. In- each of the 
four experimental classes., achievement tests and teacher j udgment . were used, 
to 'determine three subgroups. Each subgroup was placed in an area'of the 
classroom and given group instruction by the teacher-completing seatwork . 
. while the other subgroups were instructed. Tests revealed no significant 
differences between the* experimental and control class achievement, but the 
trend favored the whole clas^method of instruction. Teacher attitudes 
seemed to favor the grouping procedure. 

^ The most thorough and definitive study of ability grouping in Mathematics 
instruction was reported by Neill (1966). As. part of a largeHcale study* 
(Goldberg, Passow, and tfustman; 1966), Neill's investigation compared the 
effects o¥ enrichment ahi acceleration on achievement of 1477 academically . 
talented junior high school students. Using the Lorge-Thorndike Verbal 
Intelligence Test and JTEP reading and mathematics tests to determine initial 
status, and using three different criterion tests, he fouid that a contem-, 
porary mathematics program taught under acceleration leads to greater .achieve- 
ment gains than an accelerated traditional program or. an enriched program of 
either traditional or contemporary- content . 

Neill also checked for interaction between various teacher and student 
atti|butes and achievement. He found that teacher characteristics contributed 
substantially less to differences in achievement than ^student 'attributes, the 
main teacher predictor being length of academic preparation'^ .Student attri- 
butes closely associated with achievement were, intelligence, initial reading * 
and mathematics ability, socioeconomic ^status, attitudes toward mathematics., 
and sjlf-appraisal. There was no significant interaction of pupil and teach-' 
er sex, but classes taught by' men were mpre successful (a result confirmed in , 
. the Tnt-ei-national Study of Mathematics Achievement). 

^Team Teaching, An organization of instructional responsibility that pro- 
mised to make most effective use of the talents 6f individual teachers, team 
teaching has not gained Vide acceptance in mathematics. There has hardly been 
; <efough research into the procedure to*allow fair appraisal of its value. " ■ 
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< -Paige (1967) conducted a small study (one experimental and one control c'lass) ' 

-A. t0 oompare team and traditional teaching 'of junior high school mathematics. ". 
; - Students in the traditional group were matched in pairs by sex, interest, 

mathematical achievement, and previous grades with students, in the team- 
• " taught group. Three criterion measures— a posttesVf a delayed posttest, and ,» 

- " a wlearnin g> test-failed ^&ve evidence of 'significant, differences between '. 

• the two treatments.. '^t^. / * •* . ' * , 

* . In another less tight^fesigM? study .JBhushan, Jeffryes, and Nakamura ' 

- ■ (1968) tried to reduce teac1fer*load (in termt'of classroom contact hours) by 

a procedure combining large" group (69 students) lecture .instruction, small' 

group. (23 students) discussion and problem sessions, and independent or 
^ tutorial study. The variety of instructional procedures was made possible • '* 

by flexible scheduling procedures. Achievement testing showed no significant • ' 

, , di fferericesSetweeTi expftr i mental an d rnntro l - c la sses . Thuo the procedu r e : 

• • apnarently succeeded in reducing teacher class contact time without reducing 

learning. /,*•,. \ . I * 

\, y v^v r I 

„ ■ Class Siae. *The problem of optimal class. size, like that of television, * 
effectiveness, has been faced primary by college teachers of mathematics. V 
Kerce (1965) examined the inteWon 'between class size and teaching method. 

• Small (13 # students-) and large (SH students) classes in freshman college mathe- 

• , matics were taught by discussion, lecture-laboratory, lecture, and' mixed 

• methods. There were no significant differences in the treatments' or class 1 " 
%ize comparisons. Surprisingly, however „ attitude measures favored large V ' 

• ^class procedures . . *''$bx- 

\Xy" £e Moore («67) compared two procedures & freshman college mathematics- ' * 
xa combination of large lecture and small study classes and, the traditional 
lecture recitation metljod. He fbund n<i significant differences in achieve*- *" i ±< 
^ ment; attitudes and opinions favored tlie experimental treatment; and. there" ' • ' ' 
^ was a decline in debilitating anxiety under the same procedure, ; - 

*J . In a stud y of lar g e ^oup^instruction at the* .high schooj. level,, Madden ~ <> 
V- , {1966) found achievement in ninth grade general mathematics was significantly ? .; 

^ greater in lafge glasses (70-85 students) than in normal size- clashes (25-40 
W,, students). In this,. study, however, and in all other. co^Sarisons purportedly 
*- toting only the effects of class size,' the more important question seems to , \ • 

y ■ be, "What methods, of classroom teaching are most. efjfectiW^ith groups of a , 

particular size .-students of particular ability particular mathematical' 
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subject n,atter ? " Moreover, to ge*a true Measure of the effectiveness ""of 
various-procedures, it will be ne^essar/to apply criterion tests that * 
probe beyond.the, gross measures of achievement and attitudes. 

* * # 

UKSM and The flaclison Project, 

J With experimental research on mathematics 'teaching so consistently in- 

conclusive,* teachers have been forced to look elsewhere for freshideas about 
.heir instructional tasks. The Madison Project, under direction of Robert 

the University of Illinois Committee on School Mathematics (UICSM) 
r ,..^der direction of Max Beberman, have *o t h had 'an important impact on the . ' 
way teaching is in mathematics today / even ' though bbth are primarily curricu- 
lun developmerftf projects. • 

UICSM has supported its new curricular materia with oroativ. UaU.inu 

ideas^nd made th^portant' effort to convey these ideas to teachers" The 
»ost recent UICSM product is a junipr'high school program^ low achievers. 
It consists of two courses-- 1 ^^eo i netr i (1969a) and Stretchers and 

U969bWitten to especially appeal to- low ac^v~tuclnts and 
accompanied by teaching guidelines^pund effective in clinical tests 
■ The Madison Project has more clearly concerned itself *ith -producing new ' 

caching ideas, but even lest than UICSM with f ornamentation . Davis 
. and his colleagues are clinicians drawlg' on the insight and experience of 
psychologists , mathematicians , sociologists , anthropologists , and even ^ . 
occasionally a musician to develop novel approaches to mathematics instruct. 
After formulating the instructional strategies in Classroom- exploration; they 
try. to analyze. the teaching processes to.determine those features .crucial for 
success. These- observations are then reported as clinical' contributions to, - 
a theory of mathematics ^instruction. A ' ' ■' ' t ' 

one thorough report Davis (l96u/ discuss, the kadisoh^roiec^s view- 

i ° f math ^ tical ^«*»J *hat should/be pro.vided-for. 

Children, (2)- criteria for selecting experiences? <3) teaching as a fl^J 
; : programmed : discussion sequence, («) c i assroom Minfbr - cement strategies> (g) „ 
student freedom, motivation, and" learning, a*d (6) the interpretation of ' 
P^age ( t s .oncpts of assimilation and accommodation in teaching practice, fiut' 
these fadings are presented as .the observations of an astute classroom 
.leacbe^^ p _tb eJ ^ lify ^ ^.^ £ ^ > • 

contro led experimental studies of ^chin^ f n the. traditional" fo^at . Instead " 



V' 




Davis (19673 argues eloquently and persuasively thtftr Jus evidence is the se- 
quence of fijms of; Madison Project classes in acticgri and t^at these films 
should be accepted as bon^ fide research evidence. ^These _films*and other 
project work do suggest jnany ide^as for further experimental research and 
practical suggestions for classroom teachers, so 'their acceptance as contri- 
.butions to understanding mathematics teaching — and thus status as research— 
is undeniable. Anyone interested in building theory on instruction in mathe- 
Ratios would be remiss in overlooking these informal but highly insightful 
exploratory studies." * * f 

Teacher Education 

^ - • « 

The quality and originality of recent research into characteristics and 

'behavior of effectiv e ^eachers are not at all evident in studies of pre- and 
j.nservice education. Shortly after the new curricula became widely' used* v 
recommendations were presented by CUPM and the Cambridge (JpnYerence for 
iimj^ovement. of teacher education in mathematics . Several studies have" ex- 
plored the ( extent of implementation of these recommendations and, particu- 
larly in elementary teacher education, others have^gxamined the impact of 
these changes on the c^rpetence and attitudes of newly educated teachers. 
Only a little research offers fresh insight into the phase of teacher educa- 
ivolving preparation for classroom mathematics teaching behavior. The 
Tarawa programs, of this type are interdisciplinary in scope. 

econdary Teacher . Education . * 

\ S - - s 

... / The major recommendation for. change in the education of secondary school 

mathematics teachers has come from the Committee oh th^ Undergraduate Pro- 
gram in Mathematics of the Mathematical Association of ^America (1960, 1965, 
1S,6,(U^ Fisher (1966) surveyed the extent of chaiige effected bir^thesi rJcomj 
nienditions and found noticeable movement in the' suggested direction.' Only 



"preparation ir geometry and probability and. statistics remained wes^k. * 
The National Science ^Foundation, ^hpough its extensive program of in- 
Ser^ice, summer, 'and academic ^rear institutes, has been a major force in re- 
educating inservice teachers. The no^ra^le resuTt of two different # evaluations 
of Academic Year Institute programs (Irby, 1967, and Wilson, 1966) is the fact 

,,that' over 40 percent of all participiants use the institute as a* stepping 
fetone £g college teaching positions. ^ ' \ ' • • < 



CLASSROOM TEACHING 



~ As\art of a larger cross national study of teacher education, Wiersma 
(1967) compared the academic 'achievement of" mathematics majors preparing *> 
teach in the secondary schools.' Prospective* teachers were examinee one month • 
before completion of their teacher preparatory, programs in the United States,. 
England and Wale^fand Scotland. On six achievement measures, the United ' * 
Sjates/ltudents scored lowest on four (including mathematics), middle on one, 
and highest on biological sciences. •' A' variety of explanations were offered* * ' 
for these* results /suggesting hypotheses for experimental teacher educatipif 
-studies . • • 

Moser (1965) and Steinen. (1966) ]eacK investigated ways of improving stu^""' '*' 
dent- teaching experience by providing, increased feedback on performance. Us- 
ing a technique employed widely ip^thftr disciplines , Moser made tape-record- 
ings and an interaction analysis of 'observations in order to carry out 'an 

< objective analysis of the teacher performance. He tried to determine" whether 
patterns of Steadier behavior could be identified and' whether the feeder*' 1 '-* 
procedure hid any influence on- teacher behavior patterns . . 'S " ' 

After each observation, the supervisor and the "teacher played badk &ei ; . 
tape" and discussed the lesson within the framework of, , interaction analysis. 

• Althbugh teachers seemed to value the information ^ovided' by the interaction 

, analysis, it appeared that they quickly sought a personal style of teaching 
and adhered to it rigidly. Of interest in connection with the Stilwell study v 
is th> fact that popular teachers did 'not .have similar/ styles as measiired by 

"• the interaction analysis. *, ; 

,. . ?^ inen USed three a'i«eremr sources of feedback-^ student teachers' ■ 
' themselves (they taught the same topic to. classes orie or two days but of 
phase* , -fellow student teachers (the. student -were paired in. teaching teams), \, < 
and pupils .(they completed anonymous quest'io Laired) . Although the investi- 



ration-was primarily exploratory, evidence deemed to indicate all three ex- 
perimental procedfires significantly more successful th^normafpnocedures . 

Elementary Teacher Education . -'* 4 o : . . * ' > • 

[Increased preparation in"mathematics is one of the most noticeable • 
changes in-recent elementary teacher education/ The assumption behind.this 
; -change is that, improved competence in mathematics" will lead to "better atti- 
• 'tude^ toward the subject -.and more, effective teaching, ' ', % . ' ' 
' ( -Evidence^ on the', question 6| attitudinal' chihge is mixed, > with an ; 
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trend for increase in understanding of mathematics to be accompanied by more 
positive "attitudes/ McLeod (1965) ifoupd no cdrrelation betwee^achievement 
on a concepts test and attitudes, arithmetic skills] years of expe^nj^or * 
grade level of a group of iriservice teachers, PjAcell ^ il96^foun^ait^^u<^s^. 
understanding of concepts, and grades in*a^nkQyz^s course not significantly 
related* Gee (19^5) and ToMd (1966), however, did de*Tc1; Significant posi- - * 
tive shifts in^rtTtudes accompanying growth in mathematical understanding. 
Dt^Rr li 



Reys (1966) noti 



l£bme' trend 4n the sanie direction. 



There ^s" almost no evidence to support or deny claims of correlation 
between teacher' Tftiowledge of -mathematics and classroom effectiveness Haukebo 
(1967) tested the frequently stated assumption that study of numeration sys- 
tems enhances and 'reinforces understanding^ decimal system, and the hypo- 
' thesis was not supported. ' * • % '** * > 

* What kind of mathematics instruction is most effective for elementary 
teachers,? Since the crucial criterion— "effectiveness^of the prospective 
teacher in the classroom— is" so difficult toappraise^ mathematics achieve- 
ment and^ attitudes^ are normally offered as indicators. -A variety of experi- 
mental instructional arrangements have been Reported. ♦ 

Dutton (1966) found individualized instruction could be. achieved by* us- 
ing programmed instructional materials], Foley (1965) found *no significant 
differences between the achievement of* &t£den*$sj.in a large class (203 stu^r % 



dents) and those in a normal size class 
attitudes, v • *• " » ° , 

Nortney (d96^) evaluated three methods of teaching elementary teache^ * 
determined by varying -time allotments to lecture and discussion activity. Us- 
ing computation skills,, attitudes, concepts learning and retention, and unit 
K achievement tests as Criteria, hejjfound no significant differences overall 
according 'to the treatments, but !a variety of interactions between treatment 
*and individual Criterion! measures and ability./ ^ 



X 



Basslfer- |196^) compared teaching methods, de't'eUined by two | types 1 o£ rein- 
forcement (immediate, and delayed) and. two types of problem^ exercises (physi- 
cal world an'd mathematical settings) with standard developmental teaching. 
He foun^d that ^neitnar type of problem-generated ^daching was as effective 
normal teaching andvthere were *nW intaT>*itirtnQ ^ efi^m4> >kj i * 



as 



normal teaching and sphere were "n'd^injteractions of 
He reported no reinforcement eJFfects, , 1 ** v 
r_ '/Henkelman et al, (1967) reported use^ of a be 



student ability^ and treatment, 



lavioral objectives andJtask 



analysis approach to^deyelop an experimental* iriservice* teacher "ec ucatipn, 
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program. Desired behavioral ^outcomes were^alyzed into hierarchies of' sim- 
ple components and an instructional sequence- was devised that would most 
efficiently lead to student acquisition of the.'desired behaviors. No data 
indicating comparative achievement was -included in the report. 

Television is beginning to^lay'an important roleHn the immense task 
of pre- and inservice mathematics education, for' elementary teachers but, the 
•tests of effectiveness -for this "medium are inconclusive. * K 

t Pehtel (1968) compared three methods of closed oircuit television: "CD 
• sfraight television, '(2) television and discussionjnd (3) lecture without ( 
television. He found no significant differences&een the three treatments 
but a significant interaction between treatments and ability of students. 
^ High ability students did better with the mixed television and discussion 
' method than^with^the nontelevision method. ' • 

_Dwight et al. (1966) reported a comparison of mathematics instruction fj" 
elementary* teachers by television and by standard classroom methods. On a 1 



t f ~ «ww*w,„ mcniuua. Uil d 

-battery of eight pre- and posttests A regular class .averaged better than the 
television class", and the difference increased with- time: • ' 

In dwtoifr l studies, Greeri (1967) and/Byrkit (1968) evaluated aspects of 

"t"i m^/l^f -i i— - ^ r *— - -t-K. .e . » • . * 



a multimedia system for teaching mathematics to elementary teasers. ' Lessons 
. in the system Modern Mathematics^ for the Elementary- -School Teacher by Greep 
and Kalin consist of a pretape Wksheet -followed by discussion with an in- 
structor-, a televised lecture, posttelevision worksheet, homework, and a .' 
summary. *' " t * ' 

Green teste,} the system *y comparing its effectiveness and that of regu- 
lar instruct^ with 142 inservice elementary teachers. Achievement andSe^ 
•tention tests revealed no significant differeri^es^between, the. treatments. 
Then^Byrkifsubstituted a -programed text' unit ijor the initial worksheet 
and teacher discussion and * cbmp jred 'effectiveness of the revised 'syf tern and 
v another approach using only fhe (audio portiL : of the ■ television tales. He" 
found no differences 'between-,.tnese. two-' iredtfgZtsT j' •. 

vStochl (1*8) corned the eff^^enfl ;of practice teaching'Lbserva- ^ s 
ti^made in" person^ with" thos^done fri' videotapes", ^ng %he methods course ' 
final exam and" a' special'-f iM le^rteaching .mathematics as criterion' 
measu^s, he found jp" signify di«e£nces* ^ette^ ¥he .-treatments." , , ' 

In a noncompara^ve Vtuly'^Mil^and- Koi£zin (.l^ ^-,,^*. „ L* ' 
„ ... •• - • a .. '<■:!;' «- V 
service, course" m vmathemafic's 

• • t " T, ^ 7£ ^^ur.-^t^ * . wuiuii - viewing 

siste^ . 
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*Pre- and postjests of arithmetic skill, structure of the number systems, and 
arithmetic insjggfrt revealed that the 192^teachers who completed the .entire 
televised course did not benefit significan t ly. On ,the. other hand /White 
(1963) found that a different ^television course in arithmetic did lead to 
highly positive attitudinal changes in a group Qf 92 prospective elementary, 

• teachers. . A - m 

i 

In *both of the preceding studies, the results are only appraisals of 
particular televised courses, not evaluations of television itself. The 
appropriate question, and the most -promising direction for futfure research, 
is "What use of television is most appropriate for a given subject* and stu- 
dent population?" ' * - 



1 . 'Summary 



naior ] 



Recent research in mathematics teaching has produced no maJfov ^reak- 
thriugh in the search ,for personal characteristics , education, ®r class- 
jtoom behavior of effective teachers. However, several promi singi trends are 

* emerging in the focus and techniques of j?f search. ^ ^ 

Fi,rst, there is ar growing, realization that effective teaching is the re- 
sult of a complex interaction ibetween teacher ability, attitudes, and.be- 
havior, student aptitudes and attitudes, and the structure inherent in .mathe* 
mat ical topics. The traditional Search for a. simple profile of a composite 

♦ "good teacher" is giving way to investigations that ask "Wfiat kinds of. teach- 
ing stymie and subject matter organization are mdst -effective for teaching a 
particular topic to some particular student population?" 

Second,, there is a realization, .that student achievement on some stand- 
ardized test is a grossly inadequate. measure for teaching^success • More com- 
ehensive diagnostic assessments of s :udent outcomes must be aevelopid and 
, u|sed.. * ' ' ' : 4 * ^ «< jj . r ■ 

Third, several" previously uninvestigated classes of teaching variables 
have been uncovered by exploratory studies". *,The creatiyelthinking ability 
of teachers has been suggested as an imp'ortarit^a^te¥m^na?4 of, success.. ' Class 
room observational techniques^ ofijer powerful new methods [in the study of»^ 
teacherrpupil interaction variables. The most effective, instructional use of 
television", programmed materials 
the pedagogical. Implications of lt 
beginning- to* be explored'. * ' 



and computers is ,as k yet undetermined* And 
• ■ • - * \ t '! / ' ' 
ecent developments in psychology are 1 justj 

Fourth, the wide /t r.anjge of research results bearing on the activity of 
*cl|Lssroom teaching mustHie integrated by a theory of inathematics -jrelchihg' and 
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is 



^ ' translated into programs" of- teacher education." Although these problems are 
receding attention elsewhere in education, little has' been done to consider 
/ ' the particular implications for mathematics. • ' 

; Results of/researteh on mathematics teaching have often been unreli- ' 

<v toe and inconclusive ..but there is promise of more rigorous and creative' 
work in the near future y 
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x * r ■* - 

, Although most of the research anchdirect applications f rom! Piagetian 

theory currently focus on preschool arid elementary* school situations, tfce in- 
sights into human learning and cognitive development fha& can be derived from 
a Piagetian point of vie^ ^re equally applicable to Secondary school! situations 
and particularly *to mathematics teaching and learning. v The -present/ paper , an 
attempt tcT substantiate the preceding opinion, is divided into, six sections, 
some of which may be of "greater interest to. a particular reader than others. 
The £irst section consis'ts of a brief description *of the main features- of »' 
Piaget ! s Theory of Intellectual Development. . The second section summarizes 
' PiBget's viewsH$n Factors Influencing Intellectual Development „ a topic less • 
frequently discussed *in the literature than the , theory *of stages of develop- 
ment itself. The third section £s devoted to conveying the nature of some of 
- the Elementary School -Plaget-Related Research that has* been completed Ind that 
seems' most relevant* to arithmetic teaching and learning. THe fourth section 
describes a few^ of the very few Piagetian Studies in Secondary Schoo/ Settings 
that have beeto carried put. Then there is a section on Educational Ijnpiica- * 
- tions from Piagetian theory and research, including particular references to 
secondary school mathematics- learning and teaching situations. * Filially, some 
• specific Sample Mathematics Teaching Approaches that fit a Piagetian * frame of J| 
reference very well are characterized, 1 * :f 

-* : 1 . ■ *y — ; — ; * tt — 

Piaget 1 ^ thedry of intellectual development clearly describes true or ,# \ 

living learning as oiruginating from .the. child arid his dwn interests, atid .drijues . 

Too often the child comes to/viewj "school learning 11 as a process of mastering 

l . .',w* */ - ** • «• j 

. this or.that skill " for the .teacher" or "to get: by,'* or "to beat the system. 1 ' . 
Whereas in real life the $iild learns from active interaction with his environ- 
ment, doing things that <are vitially interesting to him and for his own wei-^ 
fare. He explores, .experiments , and modifies his behaviour and ccmepp/H n^g of* ^ 

* the world by meani^f baslcVaelf- fulfilling, drives* ^Gan a ch414 be = led'to 
operate this way" iri the world of mathematics? Some clues as to how t;his might 
be done can be',found in Piagetian theory. ' 



A preliminary ve/sion 6f this paper was presented at ' the H7*th Annual 
Meeting of the" National Council of.. Teachers of Mathematics, April, 1969, 4 " 
Minneapolis, ujider tpe title "Piagetian Studies and^ Mathematics Learning and 
Instruction.! 1 
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Piaget ! s Theory of ' Intellectual development , 

A basic notion in the theoVy developed by Piaget and his colleagues^ in 
Geneva is that of a schema , a cognitive structure^ which has reference t6 a , 
x class of similar action sequences from past experience (Flavell, 1963, pp. 52-^ 
53). A schema* can be thought' of as the- structure 1 common to all those acts 'that 
an individual considers to be equivalent . For example, if' a child's experi- 
ence has led him to believe that putting three objects with four objects re- 
sults^ in a group of seven objects, ,he possesses a basic schema that will enable 
him to understand that "3 + 4 = 7." * ' * 

Any problematic situation requiring behaviour which is already generally 
> represented in the child's mind is handled by being assimilated to the schema. 

V&earning that "3 + 4 = 7" is assimilated to the knowledge that 3 ' objects 
V and 1 °^ ects make ,. 7 objects. Furthermore, a child. Kith such an oper'a- 
*, tionall schema is in a position to understand that three hundred plus four 
. ^ himdXed equals *s even hundred without" ever having to count out that many beads 
. op mat chs ticks (Skemp, 1958, p. 1 70). As' another exajnp^e of assimilation,, sup- . 
pose that a person has just arrived in a laVge' city tfith which he is completely 
°* unfamiliar. He wants to walk from where he is to another location in the cjty. 
Chances are that he might purchase a city map, find .out which direction jls 
north, and proceed to plan a route for his walk that will take him to his des4 « 
•tmation. 'Such a sequence of actions -woul^ -in al^l likelihood, involve an' 
assimilation of the situation in the strange o£ty to what he would have dcfae 
to proceed to a location* in '/an unfamiliar part of his home. city. 

| On the other han^, if the 0 individual possesses no completely relevant 
schema ? - now bohavi^u ral s equence s m u st b o built t h^e^^-e xperi i nen ta ti on or" 



ihstruction, or both, to enable existing schemata to accommodate to the new Q 

\ f < >j o 0 

situation. For example, a considerable amount of relevant experience and^ 

"t^i^^g would likely be ■ necessary to enable a person who has lived in cities * 

all his life to find his way, in a Wilderness region, let alone survive, eWn 

^ . - chough .the city dweller might be' espeoia^ly- proficient at .fin di n g his 'way in * 

, urban, ar^as^ He would need new relevant experiences to produce modifications.. 

'-•J 01 ftls schemata -to accommodate^' to the contingencies that might* arise out of the 

wilderness stating. Adaptation" of an individual to'his environment »esults\ ' 

*.? Z{ from . the interplay /of assimilation and .accommodation. . X 

' ' ' . v ' J • \ . * . ■ ' ' " * . 

* ^ Another basic idea in Piaget's description of the development. of knowledge 
is that of an, operation. \* An operation is an -interiorized action which can 
modify objects of knowledtfp For Example, an operation could consist of>con- 
. ^"^^tructin| 3 classification, of objects, of putting things in a series, of 

9 ' , A * 94 1 A 1 
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counting, of measuring, of imagining an object being modified fvom one shape 

to another . * , . • 

^ it \ 

- To know an object is to a'ct qn it*< To' know is to modify-, tp trag^- 
form tfife object, and to- understand the process of this transform!^ • 
v t'ioi^ and as a consequence to understand the way the object is "con- 

'str'ucterd (Piaget, 196 V.P- 176). * . . 

* 'An operation is reversible in the sefise that if can take palace in both direc- 

* tions (e.g. ^joining and separating) ;^ The attainment of reversibility required 
more .than an ability to actually undo an observed transformation 1 , in that the 
individual must anticipate in thought a return to the state prior to the}-trans- 
formation (Inhedder, 1962, p., 35). ^ ^ 



, In the child's development of operational structures, the basis-of know- 

ledge, Piaget has distinguished four main/stages: a sensory-motor, pre-verbal' 
; t s*age extending through. ^approximately the firs-t, eighteen months of life* a pre^ * 
operational stage extending* from 'about eighteen months to about seven years; a. 
concrete operations' stage from about seven years to about, eleven or twelve 
years; ancf a formal operations stage which begins at about eleven or "twelve * 
years of age. Although the order of succession of stages is constant, and is 
^ the important notion ^ the chronological ages corresponding "to the stages 'vary 

a great dealj frcjp culture to .culture ' and 'individual tp individual Xlnhelder and * 
t • , Piaget, 1958, pp. ;77-178; FlaveU,' 1963, p. 86; Inhelder / ,1962 pp . 26-27)." . 

During the seftsory-motor* stage (tirst^ 18 -months J is developed the practi-- '„ 
ca^. jcnowleclgejon which" later representational knowledge is built. For example, 
^the schema of a permanent object is constructed so thit,. toward the end' of this, 
j sta g e i th e infant, will try to £ind_j3^pr*w^tt^^ whrJlJJL^Jmt£j^ [, 

his perceptual field whereas j>e would not have done so 'in the first few months # 7 
Consequently^ a notion of practical or sensory-motor space iT constructed along 
with, notions of. temporal suecessio^^d ej.e^ causality '* ' • 

! ' " ; ' • x O* ' ' 4 : "- 

* The pre/operational stage- (tfp about 7 years) is marked by the begin- 
nings of larfguage;,- of ttfie ^symbolic funotion, ; and consequently, of thought. or 
representation. Reconstruction of all that w^as, developed on *he^ sensory -ma tor ; 

- ^ leveU iiu§t occur at the* level of^represejTtatlonal thought. Throughout this . 
i * stage of pre- operational representation , ^ there is no evidence of. conservation* k 
. \ '(perception of *tf£e^ basic elements of a situation that**>emain constant under 

* t ' cer^Jn. transformations — the ■ psychological criterion of the attainment of> ' ' 
i • . * • ' • 

* • reversible operations).. For example, given two equal balls, of plasticine and. ■ 

p" * t ' '*■* * * * * • • ^ 

asked to roll" one dp .them into a satfsage shape, the' child will assert that th'ere , 

' ' • * . - ' . .» i 

* * • ./-..-•*' * <■■** • • . ••, ? 
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is more or less substance in the sajQe^ge khan in the *ball%\ depending \on whether 
he. focuses on t^e increase in length \or the decrease in diameter !T He cannot* 
seem to ."relate different aspects or cogens ions to one. ano^the^r, and he tends to 
be deceived by bis perceptions. He cannot, mentally imagine the sausageylteing 
re -rolled into a ball of the original sizel. , His concrete thought brocesjses 
are irreversible (Piaget, 1964, p. 177* Inpelder, 1962, pp. 2S^-26)V 

In the s/tage^gf concrete^qperatf onb , Extending from abo\tt\age 

about age Eleven*, a thought, structure, -hot yet separated from 

. L. • * " 1 1 ' / \ * 

text, is formed, 'The* -first operations 4PP e ¥ r along with systejna of operations 

tnat can *b& carried out simultaneoiisly 4-n irl # contrast with ^ensotty-motor ac- , 

. . - . " f'i • \ / m \ 

tions which are carrAed oat ofcly in succession. The operations are concrete^ 

^ » 1 a ) \ \ 

in the sense th^ttjey ope'ra^te on real objects. Examples of operations develop- 
ed ;Ln this .stage' afce .those of classification ,1 of ordering, and of Construct iorr • 
of the if$i$bn o^f ^ mim^ejr , as well as operations of spatial and temporal nature, 

' « . \ •' \ ,? t \ 

&]f$ntary logic of classes and relations, and operations of * 



^even to . 
s concrete con- 



operations < of. 



e lemeottoy* 




ti'Q^ 'geometry, and physics.! The yet incomplete systems of 

operation are characterized by two forms of reversibility:, negation,! in which 

a perceived change is s v een to he cancelled by i"is^ corresponding negative thought 

operation; and reciprocity,, in whiGh, for .example-,* "being a jfdreign*er'l is^seen 

'as a recip rocal 'relationship (Piaget, 196y, p. 177; Inhelder, 1962, f).l?6). 

Pnior to this level of development* the ch^ld has oiffBculty seeing himielf as 

a' foreigner to people from other lands. Similarly, a boy**might asserxlthat 

another boy*is his brother and yet deny^thlat the second boy^tes a brother. 

Younger children ,are basically egocentric l and have difficulty dissociating 

, ► > ^ • « 

themselves from any give^n^ situation^ j" 



The*,fourth stage, that of formal operations ^beginning on the averige at 
about eleven or twelve years of a*ge, is characterized W the development! o£ . 
, l ^orWi; abs°tr^^J<ifight operations with whkch the adolescent can reason! in 

>r to this levfel of 

development the' cffild thinks con£retely rather than reflectively, dealink with 
each probletaPin isolation and not integrating his solutions by means of liny • 
'"ge'he^^^:^^^^^^ pfa&m which he coulct abstraci^a commbn^'princtple.' In contrast ^ 
,tHe, ardolesce^J^^ Tiiost interested in 'theoretical problems and in constructing 
*theQreti)bal systems (Piaget, 1968, p. 61). The adolescent can identify ail 
possible factors jreleyant" to a problem under investigation, and he.qaji fc 

c all poskibte combinations of 'these factors, one at a time, two at a- time J three 

"J * 1 * * » ' I * ' 

at a^zme, and sd on. He can form hypotheses s Construct experiments to tps;F?the 

hypotheses against reality, and draw conclusions from his findings. He tried no 

, longer confine his attention to What is real but* can consider .hypotheses thatf 
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/ - <taay,or .may not be* true and work out* what would ^follow if they were true, That 

• m # is to say, in addition ¥ to , considering *Ohat is, he^can consider what migh^t be. 

The hypothetico-deductive procedures of mathematics and science -have become ^ 
"-open to him' (Piage't, 1964* pp/ 177-178; Inhelderv, 1962*, pp. 21, -27-il;'Adler, 
, / 19,66, p. '579; Betflyne, .1957, pp.* 8-10). ' ' A" 

An example of^formal operational thought is that carried 'on by the adole- 
scent in coping^with a problem, in which he given five bottles of colourless 
,v nf—liqniS, of which the first, third and fifth combine ^to form a brownish colx>uA,« 
^ the second is neutral, and fourth ble'acnes cftt colour. The problem, is to^find 

* ^ • ^ut how to produce the coloured solution. The adolescent? discovers the combi- 

• natorial method, reasoning through the construction of a table of al^ possible 
J combinations ^nd experimentally determining the effect of each factor. This^ ' 
type of reasoning is beyond younger children (Inhelder, 1962, p. 27). * * 

* • ' L ' 

\ ' * i , * 

Factors' Inf luencing Intellectual Development , " 

f ' . ' , ' ' ' 

According to Piaget^the development from one set of mental structures to 

. ^ another is T explained, by t^e operation of four factors: _ maturation, experience,* 

'. social transmission, and equilibration. * He , states that none of these is suffi- 

. cient^its4lf to «accoUnt for the preceding descriptions of mental development, 

but he^onsiders the fourth, equilibration ^r self- regulation; to be* the funda- , 

' mental factor (Piaget, 1964, p. 178).-, "* * * - ' 

\ ven though maturation of the nervous system- plays an indispensable role . 
itt .development >t it, does not explain everything because'the average age a* which 
each\pf the Various stages occur (but t not the order of occurrence) varies' 

1 — T ^ - * 



widely from^society to sc^^~^1>ia-get;r29^T-p . 178> 

4 

^ .Experience of objects, of "physical reality., i^ also a basic, factor 4n the 
development of cognitive structure, but It does not 'explain everything. For 
example, some of the' concepts which appear at the stage of concrete operations 
cannot be drawn from expSrien.ee alone. Consider the fact'-tiiat a child becomes 
cognizarit "of "conservation, of substance at approximately age eight, but he does 
not assert that weight or volume is ..conserved until some time later. Weight 
^ and' .volume can be perceived .directly, but how 'can the^ amount of substance be 
; considered' without notions of welghpan4 volume? The child comes to under- 
stand that when there is a transformation of the shape of a quantity, of plasti 
cene, for instance,* sonethijig must be conserved because the transformation can 
^b<j reverse'd so that 'the plasticene, can be returned to its original condition. 
Since It is not yet the w.eigtir and nbt ye^ the volume that is seen?to be •• 
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conserved, the notion of conservation of substance is simply a logical neces- 

sity — no experience can show the child at this* level that there is the same 

amount of substance. Furthermore, experience is of, two psychologically dis-* 

* 9 ■ • /„C 

tjnct kinds: physical experience and logical-mathematical experience. Physi- 

v * - - 

cal experience conforms *to our usual notions of acting on objects and gaining 

* 

somi knowledge about the objects through the process of abstraction. Logical- 
matheatetical experience, on the other jjand, is dratyn from the actions effected 
on the objects. For example, a child discovers that, no matter how he arranges 

a certain set of pebbles and no matter in what direction he counts them, he 

• * * 

always has the same number. To make a sum. and to order the pebbles, action is 

necessary." The child has discovered that the action of putting toge£her x '(sum- 

; j 
ming) is independent of the action of ordering this is a, property of the 

actions, not of the pebbles. Herein lie the beginnings of mathematical deduc- 

» t tion, which are further developed by .the interiorization of the actions so that 

they can be combined ^without the need of pebbles/. Before the formal operations 

stage, the coordination of such actions requires the support of concrete materi 

al, but it later leads to ' logical-mathematical structure's in which operations 

are combined through the use of symbols arfd-eaclier logical-mathematical. struc- 

^ tures are used 3s" a point of departure, in thinking about new combinations. The 

source of^logic lies in the coordination of such 'actions .are joining together 

and ordering. Lo^ical-mathematieal experience, and experience of the individU7 

al's actions, not an experience of the objects themselves, is necessary before 

there can be operations* (Piaget, 1964, pp. ' 178J-180),. £ , 

Social transmission, linguistic or educational, is a third b'asic factor. 



As an example of Ls^e-jgTal effects on development, consider P.iaget f s observa*- ^ 
tion that the emergence of formal thinking Corresponds to the age at. which 

, - spciety' expects the , child to begin assuming adult roles. ""Not 'the onset of 

\ • 
.puberty # but the pressure to as*sume adult roles is the distinctive feature o£ * 
\ % * * 

^dolescence^in modern civilizations* (Inhelder and Piaget, 1958, pp. J35-336). 

f ' \ ' 

However, in order for a child to^receive information from society he must have 

a structure tjpat enables him to assimilate the information. # Consequently, 
social transmission by itself is not ( adequate to explain development. Ordi- 
narily a fiveryear-oldy for example, cannot be taught higher mathematics be- 
cause he ^does not yet have the structures that would enable him to understand 
(Piaget, 1964, p. 180). 4 * t *. ' 

Equilibration, the fourth factor, serves to relate the othef '%mee factors 

An individual engaged in the act of knowing is led to react to^ compensate .for- 

.external disturbances so that a state *of equilibrium can*"be reached. The* 
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process of equilibration leads to operational reversibility, whioh is character 
ized by an equilibrated system in which a transformation, in 'one direction is 
compensated for^by a- transformation in the other direction. This active process * 
of self-regulation embodies thef concept .of feedback from the individuals inter-', 
actions with his environment /"and it takes the "form of* a succession of levels of 
equilibrium! A system, is^in equilibrium when a distur&ance which modifies the 
state .of the system has its counterpart in a spontaneous action which compen- 
sates for it. Levels' of equilibrium can be identified according to* the prob-j 
% ability of .the occurrence of various possible forms bf compensation. Laws of 
equilibrium* determine, 'at e'ach stage of development?, the best forms of adapta- 
tion compatible with maturation, experience, and influence of the social milieu! 
For instance, the pre-operational child can only cope with one dimension at a 
time and is led to assert non-conservation of a substance whose perceived form , 
is altered, whereas a child in- the concrete operations ' stage is able to take 
account of compensating changes in dimension (focusing on the transformation and 
not on the final configuration) to arrive at the notion of conservation (Piaget,. 
- 1964, pp.. 181-182; Inhelder and Piaget, 1958, pp\ 368 7 369). ' ' 

v • * . 
* In the formation of the ability to conserve quantity., for example, the 

following stages of .strategy are distinguished: (1) considering one dimension 
# to» the neglect of others is the most probable strategy in the beginning, 
. (2) emphasizing the second dimension becomes the. most lively as a result of ^ 
_^ employment of the first strategy, and (3) oscillating between observed compen- 
sating changes in the different dimensions becomes most likely as a result of 
the preceding strategies. The process of equilibration starts at the level of 
self -regulation and sensory-motor efeedbdck and leads to operational reversibility 
and inxexngenx tnougnt at higher levels of development. Every new problem pro-, 
duces disequilibrium which is recognizable by the dominant types of errors -made 
. in coping with the situation. A solution is often arrived at by synthesizing a ' ff 
new operation from formerly distinct operations to produce a new state of equi- 
librium. Consider, for example, ^the derivation of>the concept of ordinal number 
, ■ from the process^of cardination -gnd the action of ordering.* The "second" element J 
in a row is the one that has one predecessor, and the "third" element is the one 
with two predecessors, and soon (Piaget, 1961, pp 2-79-281 ), 

Piaget' s views c on the development of cognitive processes are well known, 
but what' can be 4 said about his view of the learning process? He maintains that 
the learning of any logical-mathematical structure can-be accomplished only if 
/.the teacher can build the # structure to be learned from* simpler , more elementary ' 
•logical structures. Tnis view is derived from the notion that logical structures 
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are not the result of direct physical experience They can be grasped only 

through "the function of internarT^equilibration or se*If -regulation in coping with 

the characteristics, of various ^actions. By way of example, Piaget and Inhelder 

have led five-year-olds to. A grasp conservation of number by getting them to drop. 

***■», • « 

beads simultaneously into a giass they cart see and one they cannot. Usually 

* *«.«" 

children cannot grasp conservation of number until seven or eight if they are 
presented situations in which a one-to-one correspondence between two, rows of t " 
objects is set up and then one row is spread out. The former (hidfden glass) - 
structure is analogous to the latter, but it is embodied in a simpler situation.:** 
It has been found that children can generalize from the simpler situation to 
grftsp the concept in the mo^re* difficult setting. Learning-of ^ complex struc- 
ture is possible if such learning is based on natural development from^ and per- 
ception of relationships to more simple structures. In short, the learning of. 
structures" seems to obey laws similar to those governing the natural development 
of these structures. Learning is subordinated to development^ Learning is only 
effective if -it is lasting, if it can be generalized to new ^tuations, and i>f 
the learner's operation level is raised.- Naturally develSped cognitive struc- 
tures satisfy' jhese criteria, and-* "learned" structures should satisfy nothing 
1 ^ ; * Furthermore , learning is possibTe only when* there is active assimilation., 
^on^.the partjof t^e learner, assimilation in the sense of integration of reality 
into cognitive structures (Piaget, 1964,- pp. 183-185). > 

Thus fiar^goHie of the theoretical ideas underlying Piaget's experiment^ have 
teen reviewed an<? now an Attempt is made to indicate the nature of some of the 
Piaget-related research ^that has been carried on at the*preschppl and elementary 
school level and that seems most relevant to arithmetic teaching and learning. 
Following "that, descriptions are given of a few of the^very rew Pi^aget -related 
studies that have been carried on in »secojidaj?y^school situations, The balance 
of the paper ,is then devoted to_iLiscussions or" educational implications from 
Piaget 1 s theory f |hat seem most relevant to mathematics teaching an9 learning. 

Elementary School Piagef-Related Research 

Piaget's The 'Child's Conception of Number (1952) has inspired many replica- 
tion studies, which'haYe, on the whole, confirmed his findings that the child's 

7 / % - \ • * * ^ m 

ability to conserve number (i*e*, to understand that the \numbex? .of elements in 

, # ' . y „ 

a group does not change no. matter how they are rearrange/1) is argiyed at gradu- 

ally and that t)ie child passes through three stages in attaining number conser- 
vation. First, there is a period of nonconservation in which the* child's .judg- 
me*nt regarding the equivalence of two sets is" dominated by perceptual impressions. 
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Following this is a transitional stage in which the child vacillates 'between 
^ conserving and non-conserving, depending on the nature and extent of ^'ob- 
served 'transformations Finally > -a-stage is reached in which the dhild's con- 
ceptions of number become stable — he is* no longer v deceived by appearances. 
'He sees that the number of elements in a group does not change no matter libw 
they are. spaced out or^ rearranged . He has attained conservation of number 
(klmy, 1966, pp."' 22-34). * ., ' * 

'•»'.. # 
For example, a child of about ,four years of age who is in the nonconserva- 

tiori stage will typically approach the- problem of finding enough eggs to fill a 
# row of seven egg cups by > making an equally long row using perhaps only four 
eggs. When he is asked to put one egg^in each cup he is surprised that there 
are, not enough eggs. Similarly, if he is presented with a row, of twelve eggs 
having the same length as a row of seven egg trcfps,'he wilj Sypically assert 
that; all tweTye eggs will go into the cups. Even after being led to' match a^ 
^ set of egg cuip^ one-f or-one witH a set of eggs , he 'doubts that the two sets are 
equivalent when they are no longer lined up. In this early period, number situ- 
ations are Responded to on^a purely perceptual ba*sis even if the child can 'count 
^Almy, 1966, p. .27). % * " 

P . ^ • n 

In the second-, transitional stage the child has no* difficulty setting up 
a one-to-one correspondence between two sets of objects, but he cannot maintain 
_ it when the arrangement of the sets' is changed.. (Almy , 1966, p. 27). 

In the thi^d, t conservation stage the child discovers that any change in the 
Spatial arrangement of the objects can be corrected by an inverse operation. * 
The child retains access, to the information he derived from his observation ^of 
a one-to-one relationship and' he can use this information in spite of any^ per— ** 
ceptual discrepancy j[Almy, 1966, p, ( 27). \ | - * ; 



Piaget's proposition that discrimination, seriatiort, and numeration follow 
in ^t hat order in the ^child's development of number concepts has £een borne out 
in a study by David Efekind (1968,' pp. 56-75) involving ninety children ranging 
in age f rom 'f our to six. Following .Piaget's procedures , he administered three 
tests involving, two sets of nine size-graded sticks (the second set was inter- 
dlate in size to the first set). In the first' test, a discrimination test, 



He, 



t/he child was presented with one set of v nine sticks in disarray on a tabje. 
was given a score of one point for successfully being able to do each of^he 
following things: /find the smallest, $nd th* w largest , find the smallest -after 
the sticks ha4 been arranged so that ,the smaUest appeared larger than*th§ other 
sticks, and find the largest {after it fiad f>een%i^sguised (four points altogether), 
The second test, a seriation test, involved j*esen>ing the child* wit& nine "sticks 
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disarrayed* and asking Mine child to make a stairway gust like one that t£e % ex- . 
perimenter. constructed and then dismantled. If the child was not able'to^io 
tliis w with nine, five were removed. If he was successful in* making a stairway .\ - 
with four sticks he received one point. If not, he was not tested further. 
"If successful, he' was asked to build a stairway with seven sticks (for one 
more'point) if successful again, he was. t asked to build a stairway wi^h nine 
sticks # (one point). • Finally, if he succeeded with nine," five more^sticks 
selected at random from th^ secorid set of sticks were brought out andlthe child ' 
was asked if he ccJuld put them where they ^belonged (for one more point). The 
third test, a numeration telst, involved presenting the child with an intact * 
staipwa^ of nine sticks and asking %im to count the number of sticks (one 
point).. Then a doll was placed on the first stair and- the "child was asked:* 
"How many stairs does* the doll ,have to climb ' to get on this stair?'" If the 
child was able to* answe/ qorrectly When eac^ stair in the stairway was gpinted 
. to. in succession, he wfes_ given one more point. A further point was given j.^ 
the child could answer, the preceding question when the fourth stair was ^t v ^!< 
pointed to and when the seventh stair was =poj.nted to. Finally, the sticks * v 
"were mixed and again the fourth and then the seventh stairs were pointed to 
and the child was again asked how many stairs the dolft j*ould Jiaye^^ad *to climb 
(for one point). The purpose of giving the 'numeration test was to determine 
whether the child could coordinate aiV ordinal position with a ^cardinal value 
(the number of w stairs climbed). All three tests were- gi^erf^tWee times at ^ 
' * , intervals of. one week using sticky pne* time 9j slats another and blocks the third 
time (different groups were presented with the materials in different order). 
XElkind, 1968, pp. 59-61.) - — L i*-" 

+ : \ - m . > - t . 

1 When Piaget used tests like these he found that the discrimination test 

' was generally passfed by four-year-olds, but he found three stages in children's -* 
ability to seriate and numerate size differences (ElJcind, 196^)^ 

> ^Afthe first stage in the development of serial^on (us^uaUy at age 

4), children generally are unable to seriate sticks abovIT^ small - 
number (three or, four). At the Second stage .(Visually at age 5), 
children are able to .make, a correct seriation after considerable • * 
<* trial and error, but ar t e unable to insert the /second set' of 'sticks 

within the completed stairway". Children at the third stage (usually; j * 
-j at the age of 6 or 7) are able to fprm a stairway anc^p ; inser,t \& *. ^ 

, correctly new sticks within it. Piaget observed g^raSei $tages in- 

the development of numeration. Children at the first stage "•- , ^ / 
f, . Cusually at age 4) are unable^ tq'^o&rit-rcorreetly and cannot ^ 

determine' the number .of stai"fcs> t:he fdofl had*" .climbed . At the* secon^.%, t , 
* sta^ge /usually at* age 5), children .are abl£^to tell how many stairs * ' " ~ 

the dolL. h£d climbed when the^fcairway was intact , ,;buj: not' "after it \ x , J * 
was^destroyed. ' Finally^ at^thfcfthird-stage (usually.'at the age o£ 
6 or 7), children are "able to say how many stairs the fcoll had $ 
. ' climbed whether' the* stairway was together k or was, in pieces (p. 58)> , \ > 
* ^ . ■ • <> 
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Elkind, in replicating these 'tests, founfl significant increases in-.mean 
* scores on the tests of Miscrijninaftion, .seriation, and numeration for groups of 
childreiv of ages 4, 5 yi and 6. Some differences in difficulty related to differ- 
ent ^materials use'd (sticks', slats , or blocks) were also found .(EOkind, 19£8, ^. * 
pp. $2r-67), • * " 

'AWohkuJJj£jJJ68, # pp. ^75~10*O scalogram .analysis of development of the' 
number cqncept was designed tro'provide experimental 4 support for\t he 'theoretical 
( premise that development of a concept ^gr^ceeds _from "discriminative abstraction 
through elaboration of mental structures which leads to a state "... in which*, 
the concept exists as a purely representational symbolic entity" .(p. 76). 

. The apparatus used in Wohlwill f s study was a vertical board with .three 
doors over .which "choice cards" were hung. Behind the doors were receptacles 
to hold coloured chip "rewards" for correct choices. Each subject*was given 
a 'Vf^ctice trial" in which the cnoice cards displayed two blue dots, three 
blue dots, and .two purple concentric circles, respectively. ; The "sample card" 
a'fko showed two purple t concentric circles but larger than on the corresponding 

( choice card. The. experimenter told" the subject that he would hide a chip be- * 
hind one of the doors, and the' subject^ should try to find it. The subject wouj-d * . 
fcfc_able to make a curreci choic e tj^ tt ^ ^ffift-L f - Hp Tr> nW*H ^fnHy t he sample 

f card w which would tellhim th/ r^Jtf^door . If the subject made an incorrect 
choice, he was aJ.lowefi to cwpe^t it until he found the chip and he was urged to 
look very closely at^hey^ample^card. ^This correction procedure was used only f 
in this single practice trial (Wohlwill, 1968, p. 78). * s * 



Then the subject was* given a series of training tasks in which the choice 
cards displayed two, three, and four blue dots, respectively. The eighteen 
sample cards used featured two, three, or f8ur^3ots in .various configurations . 
The criterion for retaining a Subject for participation in tHe rest of the 
experiment was that he should jnake at least. six consecutive correct responses 
1 (matching sample card with appropriate^ choice card). If the criterion was" "not 
met in^fpxty-eight trials, the subject was discarded .from the* 'experiment * 
(WohlwilJL, 1968, p. 80). * ' * ' 

* * " * * v 

Successful subjects* v$fct then given a-serJ.es of transfer tests which are 
described below in the order of difficulty hypothesized by the experimenter,' 
beginning withVheJ least difficult (Wohlwill, 1968,-^pp. 80-8H). 

. Test' A, Abstraction: The choice and sample ca^ds used Varied npt only, in 
' number € but also^in form (little squares % circles, or triangles ) .and colour 
Cgreen', red, blue). The sample card matched each choice card on only one of 
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• ! ' v 
the three dimensions and the subject was force'd to, abstract the dimension of 

number 'from among the other, irrelevant dimensions* r- 

Test B, Elimination of Perceptual Cues: ' The choice, cards used "were the 
same as those in the -training series -but the sample cards we reject angles 
divided- into - three or fo s ur adjacent squares. ^ 

. Test C, Memory:, The sample cards were those of the training series, tyit 
the choice cards were removed »over the doors. - , y * / 

' ' * ' / ' * • , / * * *' 

Test D, Extension: Six, seven or # eight jfiue do$s appeared on the choice ' 

cards ahd sample cards tp give an extension of the training series tto' a higher 

portion of the number, scale. ® ' "* • * ' 

i ' ' " ■ ' ' '/ - . 

• - . Test E, Conservation of Number!' The choice .cards displayed six^se^en, or 

I / * * * * 

eight dots as in Tes*t^D, but instead of Sample cards a number of small buttons 

were used\ First, jfQt buttons were arranged in a pattern exactly ^plicating 

the configuration *of dpts on thfe" corresponding choice card. The subject was 

asked to make a choice but was prevented from opening the door of his cfr&ice.. 

Then "the experimenteriscrambled' the buttons by. hand as the subject watched. 

Then the subject was asked ta open the door under the appropriate choice card. 

i *s , • - 

He was prevented from* count-i-ng^the buttons. . ? l " 



*Te*st F, Addition^and Subtraction: -Instead of sample ^ards, buttons were 
again used as in* Test. E, but this time either c-ne butt&n was added or taken 
^away before -the subject was allowed to open a door. - r 

' . " * ' • ' ' "■ ' - 

s * Tes t fr , O rdinal? Cardinal Correspondence:' JThe— choice cards used ^were ^those 
'of the original training series, but '.the sample cards showed a set <pf eight 
^bars' arranged vertically .in'pr^der^ of JLnc reasing .lengths The bars were' all 

differently coloured and a re i bar was used as a cue bar in either the second, 

1 

third^, or fourth position. The subject was, told to look at the bars and notice 
where^. he found the red bar among all the bars. This, would tell him- which door 
was the correct choice* * l ' * 

. THe criterion, fpr passing each of the tests was* five^ correct responses 
out of $ix trials* Seventy-two subjects iiv the age range 4:00 to 7:00 com- 
pleted all ^the* tests . There were thirty-five' boys and thirty-seven girls from 
kindergartens and primary schools in Geneva* Tafcie I from Wohlwill, (1968 , * 
p. 86) displays the number of subjects -who passed each test* 



TiiE NUMBER p% SUBJECTS PAS SING EACH TEST 



B. Elimination of Perceptual Cues 
A. Abstraction 

C. Memory , 

F. Addition' and Subtraction* 

D. Extension , 

E . Conservation 

G, Ordinal-Cardinal Correspondence 
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49 
.46 

32 

21 
14 
• 6 
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. Wohlwill's scalogram analysis did suggest, that the set of tests did re- 

presep/t a single,, cumulative scale. He interpreted Te.3ts A through C as involv- 

ing matching^ of particular numbers with varying degrees of perceptual support. 

* Tests E through. £ were considered to invoke higher-order relationships among 

numbers. Test D was considered to be irit*rmediate^,.-dema^ding ,an ability to • 

enumerate (Wohtyill, 1968, 960*.- /f ~ 

. r-r^* * 54 " ' " " * . ; ' • /' / ! * f 

The results were viewed as giving, support to the postulation of. three 

stages of dievelopment: an initiajl, prec^gceptual stage 'i£ which number is 



rfohlwill, 19,68, 



responded to in purely perceptual terms ^/an intermediate £tage in which rgduced 
perceptual support is needed; ind> 'a stage in which an ab 

number is^ achieved (si'gnif iedr by the conservation of 'numb sr and coordination 
between e ordinal and cardinal, numfier notions),. Such a description is clearly, 
related to and supportive of £iaget 1 s theoretical vi,3ws ( 

A 'somewhat' detailed description, of Wolhwill's study* nas been given becaus 
of its -original , fairly iidy approa|h and because it*is suggestive of how / 
standardized Piageta^m tests might be developed for assessing^a^gphild^ /eve}. 
of ,peri? ormance to aid teachers in .planning appropriate" learnings act ^vi^ies^** 

, Steffe ( 1968A. found -that 6f 132 first-grade ehAdren*, the* >33f thkt , 
ex^ibji teethe lowest Ijfsfel of conservation of numerousness performed signifi- 
cant Jy. less well on a test 'of addition problems and a test of acraition fac£s , 
' -than- did* the ^cncildren in the* higher levels- 

1 ^* * " / 

. j^tommel ( 196ft \ gave* 150 beginning first ,grade students a test 

Piage1f*s descriptions of the formation J of numjfer concepts /and found 

significant positive correlation between the Piagetian predictive 

on the SRA Gr eater Cleveland Mathematics test given ''at'ythe end of 
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. Brace a/id NelsonXl965) .have reported a" study 'involving'" 128 playschool , 

children in which jrffey found that the. preschaql child's ability to count is * 
v not a reliable^riteri-on of whether or not he has Achieved number conservation.. 
Tljey also fo^fnd that concepts of cardinal ajid ordinal fc num£er cio not 4evelop ^ 
/^conaurrerytly . . ■ — . » ^ • 

Palmer (1968/pp. 6-7> produced gains in children's ability to conserve * ' 

ber by prodjteing^ognitive conflict' in two waysf by exprelssin^ verbal sur- 
p « * * • v * * I 

prise whenever a child responded as a conserver and by exposing nonconservers 

to the contradictory conclusions of their own peers who. were j already conservers. 

•Two months later', thei gains produced by these forms of training were found to * 

have-* remained stable. s • ^ ' ' , 

However, *Pia!get has^ some reservations about the advisability of attempt- 
ing to accelerate the developmental pattern. , D£vid Elkind (1967) has." relayed 
an ipteresting (secondary source*) quote from Piaget that conveys these reser- 
vations very' well. 



* < J - * 

Probably, the organization of operations has an optimal time!., for 
example, we know that it tak£s nine to twelve months before babies , 
S§#elop the notion that an object is still there even when, a screen 
*i§ placed- in front of it. Now kittens go through the same 'stages 
as children; all the same ysubstages , but they do it Jn three months - 

» s° are si x mont hs^ahiad ^f babios, — I^-this-an ^dv-ant-age^or— 

isn't it? We can certainly see our answer in one sense. The kitten 



is not going to ^o much further. The child has taken longer but he 
is capable of going further, so it seems to me that the-nine months 
a probably were not for nothing (p. 5^0). . 

^ Nevertheless, many— studies , particularly i.n the United Stated, have been 
designed aroynd training programs for inducing conservation in nonconservers, 
fi and ^ hence, Jo accelerate th^ grpwt;h v o^ logica'^thou^t*. Many different * 
approaches have been used. Some training procedures^iave been derived from 
Eiagetian^ theory (e.g., cognitive conflict situations) ajvd.sSme have come from 
behaviourist notions (e,g^ v direct reinforce^practice).- No single training 
procedure appears to, have been equally effective for all cases. Training', 
effectiveness seems to be mutually dependent upon the child's developmental^ 
• ^level, the ^nature of the conservation problem, and the kind of •training tech- 
nique used^(6igei and Hooper, 1*968, pp. 258-263). . . . 

t Smedslund (see SigeJi and* Hooper , 1968, ^ 260) has found that, exposure- to ^ 
conflict 'situations is effective in" inducing. r (^servation of quantity for some 
1 m children^ especially in situations involving conservation of discontinuous 
' 1 quantity fjars of beads', _|or~ example) . He found similar results in regard to 
length conservation. ^ 

' ' " ' ■ »' . ~-r - - r ' ,' ■ . " 
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J3ruen (see Sigel and',HoopePT-i968, p. 261) found t'haX> combination of 
, verbal pre -training, involving terms such gs jmogg and ^ame , and cognitive con- 
flict experience to be superior to direct, reinf prped practice i'n, i:ndu^n£_ . 
number conservation. \ J / • * n ~- 

' " * ' ' : * '« ' 1 v 

Beiiin tsee Sigel and Hooper, 1968, pp. 361-262) found verbal instruction 

techhi^ques which produce cognitive conflict to he successful in producing sign 

ficant posttest .differences in number anc^ length conservation.* 

! ,. / J t k I " ', 

Sigel 'and Hooper (1968) believe 7 that the training studies I' v 

. v , provide two valuable guidelines for the educator: First, they 
provide criteria by which curriculum units caS be analyzed for 
sequence and relevance to the development o'f cognitive behaviors; s 
-and second, they assess^ teaching strategies relative 'to these 
* curriculum^ considerations (p. 263). * 



Piaget's The Child/s Conception of Geometry (1960) describes the child's 
' » - / / . ' 

conception of spice and ijs ^measurement, a§. developing through, an invariant 

sequence of stages beginning with attainment of topological concepts tpetf^ 
ception of prpperti^which-are invariant^ under distortions of an object^' . 
proceeding to projective concepts (by which objects are seen as being^ordi- 
nated in space rather than as isolated Entities), and, f inally >Euol^jfean con- 
cepts 4uch, as angularity, parallelism, and distance (Sigel and" Hoofer, 1968, 

J: " s)/ : :. x " • ■■• ~~J-~ 

/ , ! An* experiment by Dodwell (1968*, pa. 118-140) did, on tfce* whole , corrobo-.* 
rate this sequence but sqnfe difficulty was encountered in Assigning any given 
child,, to a particular stage of development. - 1 * 



Lbyell, Healey, and Rowland U968, pp 140-157) .found a more clear-cut 
sequence of developmental" stages than Dodwell did when they analyzed- the data. 
\from twelve conservation ^of length, measurement, and loci experiments' carried* 
^ out wi£h children of ages five to nine. 1 * ' « . • 

The discussion so, far presented regarding Piagetian studies in .elementary 

3ol settings represents only a 'very small sampling of the great number of 
studies-that have been Completed.' The purpose has been %o convey some £ 
idea of t\te types of studies that have been carried out and of typical find- 
ings from these studies . Several other e'xcellen* recent' studies that have not 
been referred to directly are included in the Additional References Section. " 

' : --7™. > . v • ■ \ 

• Piagefian Studies? ' in Secondary School Settings 

•Inhelder and Piaget', in The Growth of Logical ^Thinking from Childhood to 
Adolescence have described investigations that illustrate the^ntrasts between 
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concrete operational thought (that typical of children of roughly seven to 
eleven years of age) and t formal operational thought (that typical of adoles- 
cents of about' age eleven or twelve and apove). , 

Iir the first experiment described in frhe Growth of Logical Thinking^ 
(Inhelder and Piaget, 1958) the subjects were given the task of dhooting a ball 
out of a plunger that could be aimed so thai the ball woiyld hit a target on the* 
. table aft^r rebounding from a cushioned bank; Eajch subject was questioned* about 
what he observed to see if he was able to induce from his various attempts that 
the angle of incidence equals the angle df reflection 1 . Concrete-operational 
subjects were found to be limited to assertingVspecific instances of the rela- 
tion and to making practical use of it to shooli accurately ; they were unable - 
to state it in.^ts general form as a law. On the other hand, adolescents seemed 
to look for general principles from the outset, forming general l^potheses about 
the regularities they observed and putting them to experimental test (Inhelder 
and Piaget, 1958, pp. 3-19; Flavell, 1963, pp. 347-348). ' 



Another experiment required each subject to! explain, why bodies of various 
densities and sizes would float or sink in Water. Concrete-operational" chilli 
,ren would try to arrive at an explanation, by ftieans of a double -entry c lass if i- 
cation of, observations: la$ge~-heavy , small-heavy, large-light, and small-light,. 
They would identify the class* of -small -heavy ojj^ects -as the ^non -f-l-oatirr^ c l ass 
They* did not arrive at a ^;oncep;t of density because they could not think in 
terms of the volume of waiter displaced in order to relate the weight of -the* 
object to the weight of the water displaced. ' The\only volumes. that could be 
empirically observed were the volume of* the object arid the complete volume of 
water* in. the container. There ,is no empirical correlate to density for the 
concrete- operational child. However, formal-operational subjects^, about-^age. 
eleven or twelve % were able to eliminate contradictions by casting their expla- 
nations in terms of an integrated system of variables. Rather than ^a double- 
gentry classification, the formal-operational subject would utilize a logical 



structure involving reciprocal implication. and the notion of independence 
between two^variables . He eventually would postul&e «that^ given object 
floats only if its weight isflighter than that ? of aif equal ^volume of water 
(Inhelder and Piaget, 1958,. pp. 20-^5; Bruner, 1959, pp. 366-3£7). . * 



TCve adolescent* 



:*s growing skill in scientific reasoning was illustrated by 
an experiment in which the problem was to discover the variables affecting .how 
much a rod woul'd bend under a given set. of conditions . . The materials involved 
and procedures employed were such! that, it was possible to isolate five variables 
as Effecting the amount of bending of any particular rod: ^the type of ^me/bal of ' 
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which* the rod was made, the amount of weight supported, the length of rod, fhe . 
rod's thickness, and its * crosstsectional form (round, square, or rectangular). 
Most^adolescents succeeded in differentiating the five variables. Using their 
combinatorial ability / they" systematically tested most .or all variable-present, 
variable-absent combinations. For example, t^iey might v^ry thickness, holding 
the other' variables constant. 'Younger subjects could discover some of the % 
variables/ and the,y did make crude, attempts'to test their effects, but they 
were unable to employ the 9 , "all-other* things-being-equal". method to .demonstrate 
the individual effect of •eaoh .variable. The disposition, for systematic -proof 
v seems fo be the special domain of* the formal-operational thought structure 

(Inhelder and Piaget, 1958^pp. 45-66; Flavell, 1963, °p. 348). * . * 

The experiment involving colourless liquids ,* some combination of which 
would produce a colour ,* nasa>s^eady beei^ referred to on page 97. In this* ex- 
1 periment, it was found tha't conc^te-opeVati-onal children did test "1 by n" 
and "n by n" combinations , (logical multiplication ) , but they did not db so 
systematically to, find out which^cqmMnation(s ) would produce th^colour. They 
■fcould not systematically eliminate "variables .In'contra^t^^^ , 
subjects generated systematic combinatorial tests, toe^J^minate those combina- 
tions thatwere'not adequate ( Inheld^r^^*Jag|J7 19^8 , pp. 107-122;. Bruner, 
1959, p £.._362--3Sai 

' The expe^rimenlfe just described and the others'' in The_ Growth of Eogical 
t Thinking , 3 served to demonstrate. thac^fcife" ,si^n|^<apt difference between ado- 
lescent and pre-adcjl£scent .thinking isxthe ability V to operate propositiona] 1y^_ 
rather than' concretely. The adoiescent\f ormal thinking structures enable- 
him to get past the, errors^ inherent in limyfc^d concrete t;ests by employing the 



\ 



sf&f$en binary operations of formal logic ([affirmation, negation, conjunction, * 
disj^pc^ipn, implication, etc.) to general systematic tests by which relevant % ^ 
variables can £e isolated (Bruney,^9597^ '3§8J^.^ n v.^ ^ 1 • \ f ^ " . t »« 

K. Lovell (i961,' pp. 143-15 3) 'has repeated ten of the sixteen experiments ~~ * 
described in The Growth of logical Thinking . Each of two hundred subjects, 
who were mostly between the ages of eight and eighteen, was examined individu- 
,ally on some selection, of four of the ten experiments, with everyone doing the 
combinations of colourless liquids experiment described previously. Piaget *s 
clinical approach was used^andT, on the basis of the protocols so collected, 
the performance' of each student was ranked according to nine stages: one stage * 
of pre- operational ^thinking, four stages of concrete thinking, and four stages* 
of formal thinking . The results confirmed the existence of the three main 
stages in the growth of logical thinking as proposed. by Inhelder and Piaget. 
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%>port was found for the contention that only rarely do pre-3dolcscents r^ach 
nhe^sta^e of formal \ thinking and that „t he ablest adolescents, though not all" I 
adofescent^s, do exhibit formal 'thinking processes Some of the evidence sug- \ 
gested that the least able adolescents do. not pass beyond the concrete opera- 
tions stage (Lovell, 1961, pp. 143^-149).- ' ' " / 

Analysis pf the rankings for each student f rom ^the four .experiments -parti- 
cipated' in showed considerable^agreement among .this levels of thinking displayed 
in each of ■ the experiments, ^ere the kinds of ideas encountered in some of 
the experiments' overlapped Sohool experiences, only a minimal iff eat on the 
rankings was observed./ Examination of the. protocols led the investigator 
(Lovell, 1961) to conclude that instruction seemed to have been of greatest 
value when 'the required thinking skills' were almost, ©r actually, available to* 
the subject.' . 

If the power to think, at^the requisite level" is not present, knowl- ' - 

. • edg£ gained by ^instruction is' either forgotten,, or it may remain 
rote* knowledge and be regurgitatecT when required (p x . 51). 1 

• ■ ' t 

. The experiment? were foun,d effectively* to separate -students , classified as fast • . 
or slow learners in a* wide* variety of school subjects, leading tW experimen- 
ters to conclude that the types of thinking processes invplyed in the Piagetiaju_ 
experiments are broadly applicable rather t han- orfly being relevani to 3cien^~T~^~ 

"Tific^or "te^lKicaT"prpblems .( LovelTTpp^ 149-153 ) . * " 

' >' W ■ fiir- 

To .set the stage for Another, Piaget i an jrepli cat ion study, consider that 
Piaget has. found that seyenty-five percent of the subiects he has tested have 
evidenced consolation of substance by age seven to eight , ^conservation- of " 
weight ^y age nirie to ten,, and conservation of 'volume by age^e.leven to ^twelve. 

Jowever,- David^lkind's '(1961, p, 551) first replication of the relevant 
Piagetian experiments showed that only twenty-seven percent of a grpup of/, 
eleven- to tweive-year-old American children had attained Conservation of 
volume,. A brief account of another of Elkind's replication studies, this time"'*. 

'with' a*groap of twelve- to v eighteen-year-olds , is- reported in succeeding* para- 

* 'graphs t 
. . . ^ > : 

' Elkind ! s second replication study was designed to determine the influences' 
j * *. 

of age, sex, and IQ on* the attainment of abstract conceptions of quantity (i e 

f - > * «• n * T • ; / * 9 

conservation of quantity^ or judgmept of sameness despite perceptual change) in 

*do*g£Qenfiln addition to extending the replication of Piaget ! s experiment to 
-the twelve- to^Tgh^n^ear-i>M;age group, flour! hundred sixty 7 i*ine Massachu- 
setts-junior and senior high school students wi£h a mean IQ of 100.4 were * * • 
given" grou p tests of *conse ryatj<g^ . JPiaget. 1 s >ejcper\Lment and Elkind's first 
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had used indivkual^ tests. ) The materials ugpd were two idelMfel * 
one and one-half inch clay balls and a small balance scale. ' Tests for conser- 
vation of mass, weigPft, and volume were given in that order?* "In* the teStf;©^ 
(fenserva^ISSrapn the two balls were identical i^^ 

every way and that there were no, tricks in the experiment* ' Several students \ 
were- asked to verify thajt the two balls, weighed the tame by *usin£ the scale. 
Any students with doubts were^ asked to voice them, and .the use of "same „amaUnf M 
"was clarified so that all students agreed' that the balls were the, same, the 
students were then asked (Elkind; 1961): _ 

(a) "Do the balls both ^contain the same amount of clay?" (identity 
question); (b) /'Suppose I make one of the balls^into a.' sausage, 
* would the two pieqes of cflay still contain the. same amount of clay?"- I 
(prediction question);,... (after one of the balls had actually been, 
rolled into a' -sausage) (c) "Do fhey both contain the same amount of . 
J clay) now?" (judgment question); (d), "Explain your answers." 
(explanation- question) (p-s ,--552) . i 7 , 

The test for conservation. of weight repeated' the above procedure with "weight" 
substituted for "Amount" (after tTie experimenter had rolled Vhd^sausage back * * 
into a'b^ll shape K The test for conservation of volume followed the same 
procedure except that "volume" and "same. r.oom or space" Here 'used instead of 

"amount." A test was considered ^a's-sed only -if the subject answered all four 

. - * * 

questions lidentreyT-pre and explanation-)- so_.that conserva- 

tion was clearly evident As a special check on the conservation of volume ' 
test, students were asked what would occur if the ball and sausage .were- placed 
in identical glasses filled equally high with water (Elkind/l961^pp, 550-553). 

^ As verbal misunderstandings were Carefully 'avoided by using, the 'experi- 
mental techniques described ,. it S*s as seated that students who failed any of*, 
.the conservation tests did so solely because of inadequate c/rfic^sti^ns \ "Those, 
who failed the volume«test had agreed that the balls were inWjally th^ sai™> T 
but they, predicted, judged, and Explained that changes in shape produced changes 
in volume. ^ (One cannot help wondering'if this might not result fromvfne common 
^per^ence of squashing p container only , to find that it no longer holds 'as ' 
much ak it formerly did. Could there be confusion between^ the internal capacity 
of a container and the volume of substance in a solid?) Most! of these same 
students had previously asserted that* mass and weight were ' conserved because 
nothing was a,dded or tWn away, because changing the shape! did not change the 
amount, or because what, the sausage lc4t in width it^gained' in length. / They 
failed to generalize their notions regarding mass and weight ttf the situation - ^ 
involving volume,, which ^hey treated as an entirely different/ problem. They V- 
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failed to dissociate their subjective, sensori -motor *c<yhcepjrions from their 
objective, logico-mathematical conceptions (Elkind, 1961, .pp. 353-554). « 

Of the students tested, eighty-seven percent demonstratedxtonseryation 

il^ mass and weight, but only forty^seven percent hag ^abstract conceptions of- 

volume. J In fact, only in the oldest age group (mean age: 17.7 years) did more 

than seventy-five percent exhibit conservation, of volume. Piaget's finding 

that eleven to twelve-year- olds had attained conservation of volume was again* 

not confirmed. However,* a steady increase with age in' the percentage of stu^ 

dents exhibiting conservation of volume was observed (thirty-eight to seventy- 

nine^V^eent for boys "in groups .wijl) mean ages of, 12.6 i;o 17.7; twenty^six t 

to sixty-eighf percent for girls in groups with^tapan ages of .12.6 to 17.,7). 

,At each age-level a significantly higher percentage of boys than that of girls 

exhibited conservation of volume. (The observed chi -square was greater; than 
' • » , i ~ \ 

- that required for significance at the 0.01 level.) A low, but positive, 

point biseria} correlation (0.31) between IQ and, success in the volume test 

-' was cal-culate4 (Elkind, 1961, pp. 5'54-555X. >- ^ 

^ * . % * \ • « 4 

. According to Piaget ! s theory, the majority, of children qf eleven or 
twelve should be ready to attain conservation of volume because this conceptuali 
zation requires only concrete ' operations , which are fc present? in mos^ chi ldren by 
^~age— seven-, ^arKT^cause they have -had sufficient concrete experience to. form 
abstract conceptions of mass and weight, the structural prerequisites .for con- 
servatipn of volume. However, the age at which the adolescent is read^^to 



grasp conservation of vyolume is also the age at which formal operations are 
developing. Whereas concrete operations are concerned with immediate reality, 
formal operations are concerned with construction of systems and theories 0 

4 t 

designed to investigate, possibility . According to Elkind, the appearance of 
formal oqe rations "thus, produces new int ere sts^ which te,nd to reduce, one 1 s con- 
cern with inductive con cepjtumli zation from- the—phy s ical eflvir-onment in^fa^or_^>f 
more theoretical interests. The possibility df spontaneous discovery of the 
conservation of volume is thus reduced. The adoption of adult roles, beginning 
abo^ age eleven or twelve, also leads the adolescent to be more selective in 
his choice of experiences. For example, tfre prospective scien^st would likely 
choose different expediences from those chosen by the aspiring, mechanic . It 
would seem reasonaifle Jto conjecture that those "adolescents who attain conser-' 
, vation of volume^ despite decreased motivation haye simply adopted roles con- 
ducive* to the formation of such*conceptions , On the other hancl, though rrSady, 
many would not attain conservation of volume because their roles do hot provide 
the necessary experience (EJJcind, "i9^L, j>p. 556-557). ^ 
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The greater percentage of boys attaining conservation of volume is con- ' 
sistent with the. hypothesis about the effects of various roles. Considering 
that the mean JQ of the' girls in the ' experiment was somewhat higher than, that 
of the boys and that there was no significant difference between the sex groups 

♦ " i . th X eS f eCt t0 , at ^ ainm ^ nt of ™ ss an ° "eight conservation, the difference with, 
respect Yo. attainment of volume conservation cannot be attributed to innate 

• differences in conceptual ability between the sexes. It seems reasonable to - 
conjecture that the boy's, traditional role of social ineptness but scientific ' - 
expertise as contrasted with the girl"s role of social skill and Scientific 
aversion -would give more boys and girls the opportunity to gain' an abstract 
conception ^of volume (Elkind, 1961, p. 558). 

Richard Skemp; a psychologist at the University of Manchester, has 
developed a theory of mathematics learning that is derived from a Piagetian 
.point of view. In the course of .testing his theory, which is particularly 
relevant 'to mathematics learning- in ,the secondary school, he designed an / 
experiment to measure student ability to form and to manipulate concepts and / - 
operations. . He emphasized manipulation in the design of the study because 
conscious manipulation of concepts and operations requires that these be for- 
mulated,^ reflective process, -whereas ^:he formation of concepts and operations 
may or may* not require reflective activity: Furthermore,' he considered that 

^ the chief ability required* in mathematics at the secondary school level is, the 
skillful combination and use of known, concepts and operations. Accordingly^ 

-^emp (1958, pp. 156-157) developed two two-part £ests to measure Student abili- ' 
ty to form and reflectively manipulate concepts and operations. I ^ 

||or the first test involving- concepts", fifteen properties were- chosen that 
•could be possessed or^-hot by simple line ' drawings (e.g., being curved,, continu-. 
, ous, closed, dotted, or self-crossing). For Part . I 'of this'test, Skeftip drew "7< 
three exemplars labelled "Examples," three' non-exemplars labelled' "Not T * * 
Examplesj," and three "Test Figures" for each of "the fifteen properties. >The ■ , ' 
subjects were asked to try" to discover the property held in commonly the '* ' 

"Examples" and to indicate which of the "Test Figures ^possessid-tiris 'property, 
The 'criterion was the ability of the subject to use the concept, thus indicating, 
he had formed the particular classrconcep£, rather than his ability to verba- 
lize or formulate i.t. Since .Part II- of the first test was to be a measure of 
the .student's ability to manipulate the concepts of the first pafrti^ 1 , prelimi- 
nary' triaj,,with twelve-year-olds was carried out, and only those concepts which 
most children were able to grasp were retard (Skemp, 1958, p. 157).' \ 
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Part II of the concepts tesr was designed to measure the student's 
ability -to , manipulate concepts./ For this part, 'thirty-five pairs of the '« 
properties used in Part I were J chosen, and three exemplars of each double 
property were drawn. The threp non-exemplars drawn for each double property 
hagjj respectively,, only one of| J the properties, the* other property , and neither, 
property. The subjects were, asked to decide whether or not each of -three 
"Test Figures" possessed both /properties . to grasp and demonstrate each 
double coFfcept the subject wotiid have to think reflectively,' not orily^ being 
aware * of *the single class-concepts bjut deliberately confining and separating 
them (^Skemp ^ 1958, p. 158). 



The operations forma,tior, 



part,^i.e. Part I, of the second test consisted 



rse (or inverseJ^atid in\wb!ich Successful problem 
choices from among- the obtribinnations of one's avail- 



of an answer sheet and a demonstration sheet giving three simple abstract-line- 
figure examples of each of fifteen operations such as clockwise rotation 
through a rignt angle, reflection in a horizontal line, and interchanging tne 
numbers of figures, in two groups. The subjects* were asked to discover what 
each operation was from the demonstration sheet^ after some similar operations 
had been explained. They were then asked *t-o / carry out the operation on three 
specified figures on tfre answer sheet, drawing the results^Ln provided blank 
spaces (Skemp, 1958, p. 158 )\ N >' . * 

x rv? . ; * 

. Part Il'of the operations test, ro*30ipulati©n of .operations , involved com- 
Lining and reversing the operations^frbm Baot X* Both of these processes in- 
*Volve reflective activity and ar^relevant^^ #a^emajfics in which practically 
every operation has its^*evers€ 
♦solving depends on suitable chpices from among-*, 
able operations. Of the fifteen, problems gi,Ven^*^th6 first five involved carry- 
ing #ut two operations In combination, one after the* other, on three figures 
and showing Th^res^lts*. The secjbnd group of five problems, involved carrying 
out the reverse of a single operation on three figures, and %he third group of 
five involved conceiving of the reverses of two operations and then carrying 
tjie reverses out in combination one after the other. Before beginning Part II, 
the suirjeycts were given trhe answers to Part'l, after their own answers had been 
collected, and these were explained to ensure that the basic operations were 
understood. Demonstration sheets were used by the students in Part II, as* 
in Part I, so that no memorizing was , required (s'k'emf*, 1958, p.' 159). . 

Fifty -fifth form (twelve- to sixteen-year-old) students V/rote both parts 
of the two* tests and they all wrote the same general certificate of education 
(GX.E. ) mathematics exams. The correlations between the students' G.C.E. 

{ • ' * ; 

mathematics scores and their scores on Part II of the first test and Parts I 
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and Il^of the second test were 0.58, 0.42, - and 0T72, respectively." The ' 
multiple- correlation between the G.-S.E. mathematics. criterion and an optimum 
. weighting of scores from Part II of .both tests was* 0.77 (Skemp , .1958, pp. 
: 162, 223): Especially considering the nature of^Skemp's testes, the observed"" 
correlations with the mathematics achievement test are /quite remarkable and 
support the notion that the exercise of reflective intelligence is important 
in mathematics . ~ 1 

( - * 

\ ■ > 

- Educational Implications 

A number of interesting implications from Piaget's cognitive theory of 
intellectual development can be found -in an^article bvJrving Adler (1966 * " 
pp. 581-584): The present paragraph summarizes son*/ jf those implications." 
The mathematical experiences a child is given at irl age should" be experiences * 

^ he is ready for in terms of the stage of mental growth he has reached, and. " 
they should help prepare him to advance to the next stage. Before introducing '" 
a child to a new 'concept, one should test.Jum^to see if he has th ? .prerequisites 
_ for forming thjconcept, and, if he does not, "he should be provided 8 with appro-" 

K priate developmental expediences.* Especially in the lower grades, concepts 
should be built from, appropriate concrete experiences, rather than bousing • 
the easier, but less effective device of "telling."' To help?a child overcome 
his errors in thinking," provide hiaufiith experiences thaj will expose the 
errors, thus assisting the process of accommodation that will eventually lead 
him to cope adequately with' the situation at hand. FlSxible.thinking is based 

. on reversible operations. , By analogy; it would seem beneficial t$ teach opera- 
tions in inverse pairs and to- stress, their relationship^ (e.g}," the relationship 
between addition and subtraction). ^Children in the stage of concrete opera- 
tions can be helped to, gain" a better grasp of relations^ among subsets of a set 
if they are givSn experiences in manipulating lets of.pbjects io explore rela- ^ 
tionships ajnong sets, suBsets , .intersection, union, and hierarchical inclusion. 
Combinatorial analysis is based on the formation of Cartesian products of sets. 
Children can be readily taught systematic ways*of forming these products by 

• using t»ta diagrams and rectangular arrays. Since mental erowth'is encouraged 
. if one is given opportunities to see things from many .points of view, s te aching ' 
should give children the opportunity to use a wide variety of approaches in 
tackling problems. For example, in teaching geometry., not only the traditional 

• », ^ Ed " catl ? nal Testing Service is carrying out a very interesting project * • 
in New York Cityip which ingeniously devised tests and developmental experi- 
- ences with a Piagetian flavour are being used with firjst graders in place, of 
the. usual i.Q. and, "readiness" tests. • 
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synthetic approach should be use'd, but approaches using analytic techniques, 
vectors, and isometries of the plane could also be "included? As mental growth 
is associated with discovery of invariants, a systematic search for the* fea- 
tures of a situation that remain unchanged under a group of transformations 
should ai£ in developing awareness of and understanding of the* relationships 
involved in the situation. Since the onset of formal thinking bccurs at about 
age eleven. or twelve, it would appear psychologically sound to "introduce short 
units of deductive .reasoning from hypotheses as early as the sixth gra^de^ < 

An interesting and insightful further observation-made by- Adler is that 
the concrete operations used by an individual cfcre "concrete" in the sense that 
they are mental operations involving some system of objects and relations "that 
is perceived as real by the person. What is "concrete 1 ' is relative to the 
person 1 s past experience and mental r maturity . While the kindergarten child 
considers the union of two beads with three beads as a concrete operation 'but 
the addition of 2 and 3 as not, the introductory algebra ^student considers 
2+3 as concrete bu*t not x + y. The student of introductory abstract alge- 
bra considers the 'additive group of integers as cdncrete*butr doe's not corisfter 
the concept of an abstract group to be concrete. So the progression goes, and 

it is evident that "concrete"" operations, are used- not qnly in th e conerete — 

operations stage, in which* they are ( the most advanced operations of which the 
child is capable, but also at' all succeeding levels of learning. In the^ 
development of new concepts at any level it is necessary x to proceed from what , 
the learner perceives as concrete to what to K him is abstract (Adler, 1966, 
' p. 58*).. . ' . 

I Piaget has- stated that an individual's apparent failure to ggasp the most 
basic concepts of elementary mathematics stems nqt from a lack of any ^special 
altitude but rather from affective., emotional blocking or inadequate prepara- * 
tion. Furthermore, the frequent failure of formal education can be traced X<3* 

* » i 

the, fact that it begins with language, illustrations, and narrated action* 
rather than real, practical action. Preparation for mathematics education 
should begin in the home with the encouragement concrete manipulations that 
foster awareness of basic logical, numerical,, and mensurational relationships. 
This practical activity should be systematically developed and amptifie'd 
throughout the primary grades until it takes the form of elementary physical^ 
and mechanical experiments by the time secondary education begins (fiaget, 1951 
' pp. 95-98)'. In a similar vein, Eleanor Duckworth (196*0 has.-sai<*v^ 

You cannot further understanding in a child simply by talking' 'to 

him. Good pedogogy must involve presenting the child with situa- * , 

tions in which he himself experiments , in 'the broadest sense of 
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that term — trying things out to see what happens, manipulating ' , 
< ^- , things, manipulating symbols, posing questions, and seeking his 
« ; ;pwn answers, reconciling what he finds at one time with What he ' 

* > . •finds* at another, comparing his findings with those of other 
^ hi A dren ^P- 4 ^>- t 

^In much the same line* of thought, Piagef has been cTted assaying taken issue 
with those who' recommend that children.be taaght the '."structure* 1 of a subject 
V,area so that they will be able to relate individual' aspects, to the general 
, ^structure. During a'discussion period at a conference, he said (see Duckwo1*h, 
1964): " 

The question comes up whether to teach the structure or to present 
the child with situations where he is/active and creates the struc- 
^ J tures himself ... The g6al in education is not to increase the 
Amount of knowledge, but to dreate the possibilities for a child 
^ ) to invent and discover himself ... Teaching means creating situa- 
tions- where structures can be discovered; it does not' mean trans- 
mitting structures which may be assimilated at nothing other than 
^verbal level (p. 498^. - • 

In anotfV context, Piaget has warned against" .the danger often inherent in 
• < school-learning. of leading the child to false accommodation .to 'words or to 
t authority rather than to reality as it- presents itself. N It is preferable for 
_ . a teache r not toVorrect a child's schemata, but to provide si tuations that 
^ will, lead the child to correct them himself (Duckworth, 196*^, p~. 498). 
«. In discussing teacher. eduoatidl, Piaget has been reported as saying that 

even adults' can learn better by doin> than by being told about such things as 
how to" teaeh effectively, -^Furthermore , he is of the opinion that prospective 
teachers should have' the opportunity .to question children'in a one-to-one - 
1 situation so that £hey will realize how difficult it 'is to make oneself under- 
stood. They should also have occasion to pursue an original investigation to 
determine what children^ actually think" about sometproblem. In endeavouring to" ' 
communicate individually with a number of children in this way, the prospective 
teacher may be able to" overcome the illusion'lhat he can t'alk successfully tT~ ~ 
a whole. class of children at once (Duckworth, 1964, p. 498). 

In line with the view* that intellectual -development i>rings t a gradual, trans- 
formation of overt- actions into mental operations, a key contept in* Piaget 's 
theory, a teacher 'would do well to assist the internalization and schematiza, 
tion process by having .students perform actions with less and less direct 
support from external, entities . For example, the child-might 'be led to operate 
directly on physical objects, then on pictorial representations,, then .on cogni- 
tive anticipations of operations not actually being performed, and so on,, until 
the original external operations take place internally and independently %f the 
V • , - ' • 

. V * ' ' 7 ° • - ' 
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environment. Furthermore, since social interaction is essential in developing 
the multiperspective view essential for rationality and objectivity, group 
activities* in the form of projects and discussions should be encouraged 

(Flavell, 1963, pp. 368-36^9 ) » 37hen Piaget says that the' child should be 

*< 

actively engaged in the learning process he means not only should the child 

f> • *■ _ 

actively manipulate anS experiment with materials but he shouldialso actively*" ^ 

compare his findings with those of other qhildren.* Arguing with his peers 

forces the child^CN reason with himself (Sigel and Hoop^tt* 1968 , . 431). 

As Millie Almy (1966) has observed, Piaget 's theory makes a strong case 
against allowing a child to learn a procedure for getting an answer without 
being able to retrace his steps or without being able to* think of alternative 
approaches to arrive at the same result. To do so "... is to encourage the 
erection of a verbal, superstructure that, may crumble under even minimal cog- 
nitive stress" (p\ 132). Almy (1966) also provided an interesting example 

. v • U 

from a first-grade teacher whose students 

. . . *have been successfully completing exercises that required them 
to suppiy the sums for rows % and columns in a series of diagrams. 
Then comes a set of exercises in which the sums are presented and 
.they must write in the appropriate figures for the rows and columns. * 
The numbers* involved .are small and the context provided by the dia- 

gr ams has not changed. Nevertheless » the children wfro pr e s umab ly 

have been rely # ing largely , on memory in the previous problems are. 
thoroughly confused.* The/ teacher commented that these children 
are not really "operational" 'in their thinking. Piaget's analysis 
helped* her to understand the problem as it was viewed by the 
children. It* also led her to question whether t\^6e children nad 
had sufficient concrete experience to build a stable concept of 
number, or whether the earlier exercises had been insufficiently 
varied (pv 132). t/ ' ' 

Piaget's method of interrogation, in which a suspect answer from a> child 
is carefully probed by the use of other questions and the 4 original question is 
repeated, rephrased, or related to manipulation of relevant materials, can be 

used, by teachers to help a child -to reveal his, own - thought s_r at her* than 'parrot 

a response that is thought to be the one the^ teactier wants (Almy, 1966, p. 133). 

It -is. important to be'-aware that a child is often* influenced more by his 
own way of looking at, materials and objects under consideration than he is by 
the questions ask#d of him about the objects. An example related by ^Almy Q.966) 
of a child turning an adult 1 s question into his own way of thinking had to do 
with a group of metal blue cars an4 red cars'. When the child was asked if 
there were more metal cars or mdre blue cars, he r/ep^ied that, there were more,, 
blue. When he was asked to ^repeat the question asked he said: "Are there more 
blue cars or more red cars?" (pp. 133-134). 
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that even though teachers of yourtg 



It at f^rst , they invariably sense 



Millie Almy (1966, p. 134) has found 

• children often find Piaget's ideas difficuJ 
the relevance of such ideas to their teaching and, if they work through one 
experiment with one child, 'they are not inclined to stop* there. • Their extended 
experimentation leads -to better understanding of Piagetian ideas and, more ; 
importantly, to .greater insigWinto the nature of children's "learning tasks-.f 

'* . , \ . - - * . 

. ' • Sample Mathematics Teaching Approaches 

k ' " ' \ 

An-apppoach to the- teaching of mathematics that ties in very "well withZ " 
Piagetian ideas is that developed by Robert Davis (1965). of the Madison Project. 
The Madison Project materials stress: learning cf really fundamental mathe-' 

• matical ideas such as variable function, graph, matrix, isomorphism, and so on; 
. an active .role for the student; learning of concepts ,and terms in context fre.- 

ginning with tasks rather than definitions); enabling students to search ".for' 
-mathematical- patterns and 'discover" thwWtfiimselves ; a n'onauthoritarW " 
teacher role; intrinsic motivation; . leading students to want to go beyond what 
happens in class- and to feel that mathematics is "fun. 1 * and ".exciting" '(Davis-, • 
1967, pp. 3-«0. Davis feels very strongly that children must develop their own 
mathematical systems: , • • 

• 

If a phild has discovered concBycarTirinsWrTias~ae^ ised technique s — 
■ himself, and has elaborated a mathematical system himself he - 
really knows "how" and "why" it works in a profound way that is not 
possible when the ,jgys tern is handed. to him or told to him... 
Children really learn only by some kind of active participation. 
The best math students have always actively developed -mathematical I 
ideas in their own heads - as .David >age says, one of the- objectives' - 
of the .new math" programs yis to get every chiM to think about 
mathematics the way the best students always ha\e (p. 1). 

-At the risk pf oversimplifying the- approach, in whaT'fellows an attempts 
made*to briefly illustrate how Davis leads students to generate "The Axioms of 
^ Arithmetic aj/k Algebra." He has successfully used* the approach with ninth * 
+\&*4e students as well as tourth and fifth graders and at various grade levels 
in between. ..One of the key ideas (Davis, 1964) in the approach is "... active, * 
creative, original student participation.. . The students choose sets of axioms, 
and the- teacher argues with them about limitations of their chosen set. The 
teacher accepts "wrong'} answers and waits for some students to challenge them]' 
(P.- 9). ' i ..<<'. 

After having experienced "informal exploratory experiences" and game situ- 
ations, in which- are developed concepts of "open sentence,," "the meaning of s 
•equal', '• "truth sets," "use of variables," and "principle of names" (any true 
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^statement remains true if any name in the statement is replaced by another 
name for the same thing), the students are led into generating an extremely 
long 'list 0 of identities of their own invention. , 

Typically, to begin with, the students are asked (Davis, 1967):] "Can ybu^ 
make-up an open sentence that will become true for every lega-1 substitution?" 
*(p^ 3-71). Students often .initially -make -up o£>en sentences like: 

, ( xXO = 0 

x X 1 = x 1 
x + x = x ,t x . 
x + x = x X 2 

After a number of such open sentences have been contributed by the students and 
discussed, the term identity is introduced to refer to this special kind of' 
open sentence and the students are encouraged to make up and record long lists 
of i«!entiti£S # . They find out Jiow to generate more complex looking identities- » 
from simple ones and the class is divided into two teams which take turns com- * 
peting for points by making up identities and having the other team try to 
deqide whether the open sentences are or are not -identities . A cumulative list 
of all the identities that come up is kept. * , 

Lists *of identities that are all ^or nearly~~all specific instances of more* 



general identities are presented (as the, work of students) and" eventually some 0 
student sees the general pattern and suggest a "super-identity" tha,t handles 1 
all the particular cases. For example, the identities { 




3 X' x = x X 3 



X x = x X 4' 
f 5 X x = x X 5 



are generalized to 

t 



y x x a x X y. 



Nations of implication are introduced in t^ie context? of reducing a nudiber 
of given statements without losing any information. For example, ""asked t<? shor- 
ten this list (Davis, 1964*): \ 

(a) My coi^sih plays in the Little League, i 
» (b f ) Only boys play in the Little League.' c ' , # v • * - 

(c)> My cousin is a boy (p. 166). * * 



some students will point out that if you say the first two "statements y<n£3on f t 

need the ttfird.- i.e. no information is lost . t O 

fa ■' , • a 

* Eventually, the students are confronted with the following,' problem (Davis, 

198r7|:, " * . ' . 'i ' 

" " ;" * * "" > • 127 • 
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Take your list of identities and shorten it as much as possible, 

without really losing anything. What does your final list look 

like (p. 180)? , - - - - ' ' t 

They use generalization and implication in the process of shortening their list 
and eventually, t after much discussion, arrive at a list of "axioms/' wfuqh come 
'very close ^o being the set of field axioms, from which the students feel they 
"can. derive all possible! identities. Here is a sample Privation (Davis, 1964): 

Theorem: A t (B X C) = (C X B) t A 
A + (B X C) = A t (B X^C) 
A t (B X C) = (BX CO + A ' 
% A t ( B X C J" ='(C X B) -TA 

O ' Q . E . D . " (p. 167). 

Whatsis Truly Remarkable about .the process is that the students develop their 
own mathematical system and that they do so with great enthusiasm. An inter- 
esting problem Vto them is whether or 'not* they can .write a derivation -from their 
basic axioms for s a statement like 



Proof: 



Like (x t y^(x + y ) = x 2 t 2xy t y 2 ( 
:hing approach that fits ir£very well with Pic 



Another exatnple Q f a teaching approach that fits irPvery well with Piage- 
tian ideas can be; £ound in a recent article by Sigurdson and JohnsopXl968), 
"A Discovery Unit\ on Quadratics.*: The article should be of particular interest 
to classroom teachers of mathematics because it details eleven activities which 
have been i^sed successfully in leading several groups of Alberta grade eleven 
students to discover all' df the important properties of quadratics virtually 4 
° n J!L e . ir ! >0wn * Each activity began with a broad question whiten the students 
were asked to ^e*ek answers for~; Given a chance to explore the probiem individu- 
ally for a while, the students *were asked to hypothesize solutions and evaluate* 



ea'ch other ! s hypotheses. The^teacher accepted each hypothesis without evalu 
ative comment and acted^merely as a discussion leader. Once the students had * 
focussed on the vali^d hy 
_JL° participate in;"sijimn 



ieses from among all those considered, they were led 
-up" and "practice" sessions." * ^ ' 



The first activity consisted of using an overhead projector to display a 

coordinate grid and gtfajbh of the parabola generated by y ='x 2 . The students 

were asked to come up wilrh a rule relating the coordinates of each of the points 

in the parabola. Among the hypotheses offered were: a verbal description of 
'v * \ ■ 2 & 0 

tne symmetry of the curweU x - y = 0$ y = x ; and a verbal description of the 
"over by one's and upf^by U, 3, 5, 7, ..."-feature. 

The second activity centered on investigating the effects bn the rule of 
moving the parabola hoHzohjally or vertically. The students were given 
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y = x parabolas plotted on onionskin paper along with background grids so 

that they could move the parabola around to suggest hypotheses . Moving the 

parabola "n" units up the vertical axis was seen to* change the rule to 

» 2 „ * 

y = x + n (generated from hypotheses about motion of 1, 2» 3, ... units). 

^Attempts to describe the effects of horizontal motions eventually led to a * 

y ,= (x - n) hypothesis, but not until several incorrect hypotheses were 



X 

\ 



^higgled with and 'tested. 



N ext > the student-initiated problem: "How do you make a graplKwider or 
^ • 2 1 '2 * 2 

1 ^flar rower?" was investigated, using graphs of y = , y,= j x , and y» = 2x 

to generate ideas. Moving rhese parabolas both vertically and horizontally a 



to generate ideas. Moving rhese parabolas both vertically and horizontally at 
e same time led very naturally to expressing the rules relating the coordi- 



o 

nates in "vertex form" (i.e., .y = (x* -.Ax) +-Ay). 

A fourth activity involving the graphing of quadratic functions expressed 
in "standard form" (y = ax 2 |+ Sx + c) led to student desire to ''complete the 
square" to get the rule in the vertex form which they preferred." 

Seven other activities described in- the article focussed on "axis of 
symmetry,'.' "range, "'"x and y intercepts," "roots of quadratic equations," 
"quadratic formula for roots," and "maxima and minima problems." 

Yet another approach to mathematics "teaching and* learning that is conso- 
nant with a Piagetiato point of view and that is presently generating consider- 
able interest is that used in "mathematics labs." Kieren arte Vance ( 1968 )* have, 
written of their experiences in using a mathematics lab approach with students 
in grades seven and eight, l^heir article contains suggestions for [ suitable 
kinds of activities and lab organization. • \ * 

An excellent source of ideas for Piaget-based activity oriented teaching 
approaches is the set of "Nuffield Mathematics Teaching Project" Teacher's 
Guides (see Nuffield Mathematics Teaching Project). 

Perhaps the- common f eiture .£ound._in .each^of the examples of mathematics 
* * * 

teaching approaches cited is that each in some way mariages to make classroom 

learning^illre -like real life learning and', hence, more effective, more lasting/ 

more useful, and more enjoyable. 
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COMPUTERS IN MATHEMATICS^IN^TKUCTION 

-IT*. 

Larry L. ' Hatfield 1 
University of £eojrgia 



The use of computer technology within instructional^ systems^ Js relatively 
new. A decade ago almost- no -one was seriously engaged in the. type of journal 
writing which today is commanding serious attention. None^of the more than " 
60 funded projects of today were in .existence and -most were probably not even " 
in the early planning stages ten years ago, In fact, even'a modest survey 'of 
' ; the literature reveals that almost all of today's activity has a history 
. dating post-1964 f ^ With such a narrow temporal base you might be' i-nclijUi at 
this point to assume a very skeptical posture. To be sure * our 'experi effbes 
have been theft reed educational change Jias an entropy-like character (a sort 
of "lag of the seasons" not unlike Minnesota in. April— a full month after the* 
official start ^of spring!). You may be counting on this' inertia to protect 
you from change for awhile. Or we in mathematics, education may feel that jwe 
. . > J?^*^ 3 pa*t of a "revolution" already and now is not the'right time for 
another... a sort^of "let us catch-our breath for aw*hile': attitude*. _ Or you 
may see the onset of computers into the classroom as another * ivory-tower fad- ^ 
which its- advocates herald' as, /the "messiah of education" but which you feel 
will eventually enjoy tKe same mediocre impact of so many* previous innovations. ' 
r In my opinion, there can be little doubt -that computer involvement in 

instruction, in 1 one form or another, will make * substantial , impact oji educa- 
tion during the next-decade. Further, computers ■ Can , if used correctly, bring <* 
about profound and far-reaching, improvements within educations— and even with 
• learning itself These are strong statements wnxch'most 'assuredly require 
somi^ther clarification. I wH^?tempt to provide some information in 
supporfV^th>se claims by considering three* specific ai?eas. First, how can 
computers as&is^with instruction and why is there <K>rapidly growing interest ' 
in it today? Second, what is tfee current state -of the art in terms, of the 
^ research and development activity, particularly in mathe^IticT education? 

% And $f^ rd> wharare some ° Xf the tr $nds and future prospects for using com-* 
^ puters in mathematics instruction? - % 



1 ' ' ? X 

A paper presented ta the National 'Council of Teachers of Mathematics 
Annual Meeting, April,, 1969, Minneapolis, 'Minnesota. ' ^ -?w 
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Use of Computers to ' Assist in Instruction 

What is computer-assisted instruction? Some confusion and disagreement 
with thfs label has already occurred. In most circles "CAI" is the acronym 
used to describe the learning situation where a student sits at a germinal 
connected electronically to a computer,. Stored irt the computer is the learn- . 
, ing program which' is the complete package of information, instructions, and 
logic with wl^ich the student will interact during his learning "session. The 
terminal which serves as the interface between the computer and the student - 
is typically a typewriter keyboard and either^a paper roll or a TV-like screen 
upon which the communications to and from the computer are recorded. Some 
terminals also involve .various audio ^and/or video projectors, such as video 
-or tape recorders .„ and slide, fijm t « or movie projector?*; 5 " ^terminals with TV 
screens, often called CRT's for "cathode-ray tube, may also accept input 
from 'an electronic light pen which the student may use to point to his re- 
sponse. 

* * 

* Partially because a great deal of the current activity is focusing on ' 

the pedagogical approach advocated by Skinner, Crowder, and other programmed 
learning enthusiasts, the term "CAI" is often used to connote only using the 
computer to administer the^kind of "frames found in a gocfa programmed learn- , 
-ing text. It^is true that a great deal of the work with computers has been 
initiated by people well versed in programmed learn ing_ methodology . As' 3 re- 
sult of their influence, t her a may be a temptation to say that CAI is merely 
the next logical extension of programmed instruction and basic Aly provides 
just a new hardware capability. I believe that this would be an extremely 
limited view to be taking at this time*. ; 

The literature describes the computer giving assistance in the instruc- 
tional process in a wide variety of ways. Suppes has identified three levels 
of pedagogical involvement in the approach most often labeled CAI (Suppes, 
1966; Suppe~§, 1968b ; 'Suppes , Jerman, and Groen 1966 ; Suppes, Jerman, and 
Brian, 1968). At the most, superficial. level of student-computer interaction 
are drill and practice system^, which he describes as merely sup^lementa^to a 
regular curriculum taught by a teacher. In the next_ level of interaction, 

^ called tutorial systems, the aim would be to significantly assume the respon- 
sibility for. teaching. The third and deepest level of interaction sejn by 

* Suppes would allow a genuine dialogue between student and the learning pro- 
gram. He notes that such .dialogue systems exist only as very elementary pro- 
totypes. It is these_jthree types of systems which have generally become^ 
--known as CAI today. In -each case, considerable programming by an author 'or. % 
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teacher has been performed. Today, one caa find only a few drill and prae- 
/tfcpe and tutorial systems which are being used to administer mathematics in- 
struction. Some of these systems will;be reviewed in a later section. 
y The most widespread approach to using the computer in mathematics in- 
struction is often called computer-assisted problem' solving. This use has • 
been a natural outgrowth of the way the computer was first used by the sci<%., 
tific community: that is^ to^accept, process, a*d print output to,,a program ' 
which makes use of the machine's capability to store and' access; llrge data 
• bases, make quantitative decisions, and perform detail ed c om m u tations, all at 
very great speeds. -Several mathematics educators have suggested that the 
activity of designing. computer algorithms offers a pedagogical approach that 
can- improve the learning of mathematical concepts. Some of the speculation • 
and research dealing with computer-assisted problem solving will be reviewed 
in a later section also. . • 

, The two approaches I have described thus^ar (CAI and problem solving") .' 
picture. the computer being accessed by .the student. A different use views 
the .computer as a tool in making instructional .management decisions. This 
could mean that students neverWnteract w£th th>actual computer dufing in- 
. struction. . Rather, the fnachine may be programmed to administer tests,' record " 
student responses, and perform the kinds of data-crunching necessary to pro- 
vide the teacher with student diagnostic information to be used in evaluating 
learning and prescribing 'further instruction. Of course, such instructional 
management processes are typically an integral part of CAI systems which ad- 
minister stored instructional material. ^. **' ~' 
. ». To be sure,- these three categories described as CAI, problem solving, 
and instructional management do not neatly exhaust the kinds of uses to which 
computers >re now being put/ Tor example, a project -o£ the Board of Coopera- 
tive Educational Services of Erie County, Buffalo, New York,' (Eisele and 
HarnacJi, 1967; Hamack t% -1967 ) developed a n 4ber of computer^ bas;ed resource 
units designed % 0 provide the teacher with assistance in offering more in-' 
dividualized instruction to his students. Each unites a computer printout 
of suggestions -to the teacher glared to (1) the specific' instructional objec- 
tives chosen by the teacher-for the total ( class, ('2)*the specifiV objectives 
for each pupil, and (3) the inaividual characteristics of each Rupil. . "6nce- * 
the computer^ is fed specific instructional objectives and the characteristics * 
of an individual pupil, the machine generates a resource, guide printed as a 
.content outline., suggestions of large ^p activities, small group activities, 
'instructional materials, and measurirtg^de vices for each objective chosen for ' 
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that pupil, and suggestions for individual instructional activities* and ma- 

. terials? I suppose this use of computers as information storage and re- 
trieval devices, contributing to instructional decision making, might be 

^iefcjeoTas part of the instructional management approach. 

In a conventional physics bourse at Florida, State University students 
Vere invited to use a* special CAI review service which consisted mainly of 
test ite.ms from previously usecl physics examinations . How does ope cate- 
gorize such a use? And then there is'the appealing ^area of simulation and 
gaming *whifcfe will surety continue to receive -attention.* ^ Simulation is al- 
ready used in^tfhe aerospace industry, conventionale aircraft pilot training, 

,* driver training, electronic manikins for medical training, and in physics and. 
chemistry laboratories . Computer- controlled games are usually simulations in- 
volving situations of competition or conflict. Among the jirore interesting 
are the econoafi.es games developed for elementary students in Westchester 
County, New York, (Wing', 1964) and the Inter-Nation Simulation developed at 
the PLATO project of the University' of* Illinois («ee Hickey, 1968). ' . 

• « > • / . m 

^ Current Interest in Computers for Instruction * 

Why is ^here a reasonably widespread interest is using computers to 

assist^ in *£he instructional process? Robert Bundy (1967) believes that CAI 

is really the result of a number of converging technologies, including pro- 

*. ^ » • • 

grammed learning, audiovisual communications , sthe ' dat>a processing field, and , 
v • . - 

data communications. Atkinson and Wilson (1968), from the Stanford CAI Center, 
attribute the rapid rate <pf growth of CAI to "the rich and intriguing poten- 
tial of computer- assisted instruction for answering today 1 s most pressing 
need i-n education — the individualization of instruction t; [p_. 73]. Other 
factors cited by them are the development of programmed instruction, the mush- 
rooming of electronic data processing in general* but in particular the advent 
of time-sharing systems, and the increasing aid to education by the federal 
government. Sarnoff, president, of RCA, observes that tW£* technology revolu- 
tion in education is being hastened by the staggering growth in the volume of 
knowledge and the enormous increase in the number of, students . He claims 
that /by 1970 every third college graduate will have to become a teacher if the 



present pupil-,teacher ratio i~s~~maintai-ned.- 



Stolurow (1962,1968), who has a long" history . of involvement with CAI, hav* 
ing been in the pioneer center^at the University of Illinois and currently 
director of the center at Harvard, sees in CAI three key capabilities: <1) 
individualizing instruction, ^2) doing research on teaching under controlled 

. ' * . . . ' /•' 
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conditions wittf the ability to collect detailed records of student performance, 
and (3) developing ways of assisting authors in the development of instruc- 
tional materials. Other applications seen by Stolurow, aside from instruction, 

include the ^development of teaching models, curriculum planning, man-machine 
relations, and evaluation of student performance. 

Another recognized prophet is Gerard (1965£t967), Dean of Graduate 
Studies, University of California at Irvine. He lists these benefits CAI 
will bring to the student: (1) tetter and faster learning sinqe the student • 
can time his learning at his convenience, go at his own pace, and catch up 
missed time; (2) better teaching at many 'levels and "in many areas; (3) per- 
sonalized tutoring; (U) automatic measurement of progress; (5) and the 
opportunity to work with vastly richer materials and more sophisticated pro- 
blems. For the teacher, the system (1) takes, away a great deal of the - drudg- 
ery and repetition; (2) allo%tsJ^m to be updated effectively; (3) encourages 
frequent changes in the actual material used; and (4) makes more time avail- 
able for teacher^smOelrt cont^c^ 

Several -writers r>cognize* the usefulness of CAI as a research tool in 

education. Bundy (19.67) submits that, "the concept of a learning laboratory 

is the single most important reason for the developing^interest in CAI " [p. 

345]. This emphasis probably stems from a recognition that mucy'Crf^hit can 

now be said about CAI is couched in the' future tense— what CAI might evenAi- 

ally be able to do as an instructional device—but the immediate job at hand * 

with CAI is to increase our understandirig-and control of the variables of . 

v » 
learning. The computer is particularly well suited^po this, task. Consider, 

for example, the capability of the computer for storing and manipulating data. 

t As a student works through a CAI program, a complete tfrace of his learning 

path is recorded. . Tjhis data tells the researcher exactly vihat the* student 

difl in responding at every step and gives the researcher an exact measure of, 

trie response latencj -at each step. The data can be presented to the re-" f 

searcher during the { learning ses^idn, if desired, 'and thus 'can be used in a 

fqrmative evaluatiorj to modify the presentation while it is| in progress. 

Further, the data can be quickly manipulated in many interesting ways to re- - 

^jal various types cff statistical summaries and, comparisons) for diagnosing 

thVslgarning va riabl es under study, such _as_comp^ri.sons_wi^h. prior ^perfo.rr„ _ 

mance, effectiveness^, of diagnostic questions in the learning sequence and' 

correlations between step size arvd efficiency of learning/ ' — 

J The computer 1 s, Capability as a communications control .device adds stirffc* 

another dimension to its usefulness/ Many forms of edwcatipnal media can bS " 
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employed in a single gaming program, and their presentation, either sepa- 
rately or simultaneously, can be operated under the complete controf of the 
•computer. This can provide a richness and versatility in learning that ^ 
difficult to achieve today, certainly in the conventional classroom. But 
most important, it allows us to study the effects of a near- endless variety 
of interactions of media presentation modes and subject matter, and conse- 
quently, to learn better how such modes should be differentially used. 

The capability of the computer, coupled with data communications tech- 
nology, immensely aids the editing and distribution problems Related to de- 
veloping and circulating educational programs . Many students in widely^ ' 
scattered locations can use the same computer at the same time on a time-" 
sharing basis. Much data is thus simultaneously being acquired which <pfr - 
greatly facilitate the editing function, even while the programCis in jses- 
siorv if desirable. Changes that must be made are easily stored in the. cen- 
tral computer, and thus the distribution problem is considerably simplified. 
Stolurow ^(1964), succinctly summarizes many of these points as follows 

r ...the automation of instruction by means of a computer-based ^ 
w * system provides education with a genuine**laboratory facility. • 
" • Efccation no longer needs to settle for makeshift laboratories 
as it has been forced to use* up to this* time. ^This contribu- f * ^ 
tion of CAI <fc a substantial one. Armed with" ef/ective tools 
in the form of an educational laboratory, instructional ma- \* 
terials and methods 7 can be. used repeatedly so that studies can , ~ 
/be replicated anja variation! specified and introduced with con- 
trol Furthermore, all** responses which the student makes can. y 

be recorded so that -the learning process €tself comes under ' 
controlled ^experimental observation and becomes ^available for 
experimental and conceptual analysis. In addition, the re- 
sponse s^v/nich the students make are recorded in a form that y 
^ can be^ immediately processed by the same or a different computer. 
' ^ Consequently, .control, convenience , speed , and accuracy are, ajgl ^ # jf 
^ achieved at levels not heretofore po^as^le for instructional * 9 % 

/research. The advantage of the computer for research *5n^j.n- 
. struction is clearly in the data collection and dal^ induction - ; 
capabilities. Computer-based systems can add enormously both 
to. the rate at which research on instruction can be accomplished 
and to the accuracy, of . the .results produced (see £undy, 1967, 
p. 346). '* 

What about the approach called computer-assisted problem solving? Why 

is there such a rapidly growing interest in this instructional approach? The 

• * • * 

National -Council of Teachers of Mathematics has maintained an ..attentive ear , 

to the possibilities of using computers in mathematics instruction for several 

years . The \ext Computer- Oriented Mathematics , An Introduction fof Teachers 

(1963a) and the Report of the Conference on Computer- Oriented Mathematics* and 
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the Secondary School (1963b) are indicators of the Couri^f early concern. " 
The productive and active Computer-Oriented Mathematics..Committee developed 
Important -guidelines published- in the article "Computers^ School Mathema- 
tics" (1965) and in 'the .pamphlet Computer Facilities 'for Mathematics' "Instruc - 
tion (1967). The recent pamphlet An Introduction to an' Algorith^faaaW 
.(BASIC) (1968) is an indicate* of the emphasis on 'the use.if a sim^Tpro- 
granting langua^and.on the design -of several ifvels of algorithmic sophisi~ 7 
tication. -The.t#ch, 1969, Arithmetic^ T^er As devoted to CAI and t*e new 
department on "Computer-Oriented Mattes" blgan in the April, 1969, Mathe - 
jratics Teaser. "In addition to this activity of NCTM , one can find analogous 
activities being conducted by the Committee on the" Undergraduate Program in 
Mathematics^ the Mathematics Association of America (1964), by the National 
Science Teachers Association (Darnowski; 1964), and by the School Mathematics 
Study Gr'oup (1966) and the^Minnemast curriculum projects ( Rosenbloo m 1963). 
The CRICISAM Project at 'Florida State University is' developing a computer 
oriented calculus curriculum (Center for Research, 1968). 

"Several speculative statements of the effects of using, this, style of in- 
struction .can be identified. For example, John Kemeny (1966,1967,1968) de- 
veloper of the language called BASIC and mathematician identified with the 
well-known Dartmouth time-shaf ing'compufer center, submits that .students use 
the -computer to more effectively learn those procedures. taught theoreticaily 
in class. In the publication Needed Research in Mathematics Educatio n, Kemeny 
(1966) states.' , : 

^ I feel, that the right attitude i's to taach them the algorithms '' 
in principle and then the right way to do the algorithm in 
practice is to # program- ir for a computer. Thus the'eomputer 
\is bein-g used in such a way a£ to force the student to explain 
Vthe given algorithm to a computer. If- a student succeeds in this ' 
he will have a depth of understanding of the 'problem which wUl< ' ' 
be much greater than anything he has previously experienced [p. 10]. 
^Bruce Meserve (1968) notes that the -/availability" of time-sharing proce- 
dures is making classroom use of -computational, facilities both educationally 
and financially 'feasible" [ P . 113]. Regarding the effect on learning, he con- 
jectures ^e following: "Students who acquire a working introduction to al- 
gorithmic languages while. in high school gain an opportunity fo/greater in- 
sight into both their high ^chool and jheir college mathemati^Most -high-^ 
school students^ strive to' learn patterns and general cases. In this sense, 
the use of the' computer may be considered as a 'next phase- -in the student's 
mathematical development" [p.ll3]\, ' 
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Hoffman (1963), from Wayne State's computer center, commenting on the use 

of mathematical settings to teach computer programming^, recognizes the 

possible ^gatlns in learning the mathematics involved: 

In the .experiences which ,1 have had along this line, it has 
, * been quite clear that students acquirej astonishingly high insight 
into the mathematical problems which have programmed for solu- 
tion on a digital computer. It is easy ro^eejjffty this should be 
so, as a computer program must take into account all possible 
cases of a general nature.... To generalize this, by using the com- 
puter the student is forced to acquire insight into the general 
algorithm, the conditions under which it applies, and the general 
class of problems to which a* given procedure can be applied as 
well as' to those~^£ebial cases to which the general solution is 
not applicable. This is clearly what we have always* been trying 
to teach mathematics students 9 and contact with the computer makes 
it easier to accomplish the desired ends [p. 20].' 

These viewpoints suggest the utility of a computer program as a dynamic > 
— prob l em s ol v i ng t o o l. * The use o f a n atural programming language and the or- 
ganizational features of a program provide the students with a setting for im- 
^ posing precision on themselves. Any computer program, goor' or bad, is an 
active objects With it, the student can command the compi.cer to do something 
which he can observe, study, and modify. Thus, the activity of programming 
.should foster an experimental approach^toward solving mathematical problems. 

Dorn (1967)» from the University of Denver,, advocates the use of computers 
to provide t such a laboratory setting in mathematics. In a beautiful article 
which focuses oJLthe Fibonacci sequence andj^continued fractions, Dorn (1968) 
, notes -that 

...the computer can be introduced in a traditional classroom en- 
vironment and doe? not ^-require any major change in teaching prac- 
tices.... the mathematics computer ^laboratory can supplement the t ^ 
usual mathematics lecture and re'citation much as a physics or », 
chemistry laboratory supplements lectures in those subjects... 

V - - 

It appears quite feasible then, for many schools to establish 
a mathematics laboratory to carry out experiments that motivate 
the student to study certain mathematical topics>and to help him 
/ i develop his , mathematical intuition. It is important to keep^ in 

mind, however, that such a laboratory is best used to teach raathe- 
t matical coitcepts and to extend the- range of the mathematical 
t , topics that can/be taught. -The laboratory is not intended to be 
a device to teach programming or computer science, although some 
knowledge of those subjects w£ll be a by-product of the laboratory's 

' use. 1 To quote 'from C omputers in Higher gducation, a report of 

the President's , Science Advisory" Committee: '.. .it is important" 
that computers be us>ed to extend rather than displace the students — 
•>s grasp of other subject matter.^ [p. 79]. ' 

One additional point of . view,_seems, particularly worth noting when specu- 
lating on the problem-solving usage of computers in school mathematics. It 
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seems* to me that pervading the use of computer algorithm design in -the teach- 
ing of mathematics 1 is the recognition that formal knowledge is only paVt^of 
what we # try to impart to our mathematics students. Heuristic knowledge, con- 
cerned with the art of solving problems, is particularly emphasized when stu- 
dents write programs to solve problems. The design of computer algorithms 
seems ideal for experiencing such* heuristic precepts as "formulate a plan," 
"find a related problem," "observe special cases," or ^'simplify the condi- 
tions." Thus, writing computer programs seems 1 a natural context to make., 
more concrete the approach to- teaching usually attributed to- George Polya. 
This approach to problem solving is. described by Feurzig and Pa^ert (I960) in 
a paper devoted to the prospects of using programming languages as conceptual 
frameworks for teaching mathematics . They state : « 

Solving a mathematical problem is a process' of construction. 
The activity , of programming a computer is uniquely well-suited to 
transmitting this idea. The image wwould like to convey could/ 
roughly speaking, be described thus: A solution to a problem is* 
to be built according to a preconceived, but modifiable, plan , out 1 ' 
of parts which might also be used in building other solutions" to 
the same or other problems. A partial, or incorrect, solution is 
^a useful object; if can be extended or fixed', and- then incorpprated 
•* v into a larger structure.. These remarks are, true of fljathematical 
thinking in" general.' But in must contexts they are too subtle „ 
, to be meaningfully taught. An important example tf how programming 
brings them down to earth is the use of the process of debugging 
programs as a paradigm for the crucial—but neglected— aspect of 
mathematical thinking that has to do with turning errors to posi- p 
tive advantage [p. 12]. ^ 



I will briefly cite some of the background^Kformation dealing ^ith in-^ 

structional management. Why are numerous educators, and projects directing * 
attention to the use of computers in designing and implementing instructional 
management systems? What is the nature of the speculation being cited for 
such uses of computers? Stated simply, the efforts to organize individualized 
instruction, particularly continuous progress programs (of the type used in 
the Duluth elementary schools), has led to a recognition of the inadequacy of 
teachers t6 monitor and* prescribe such instruction. Cooley and Glaser (1968), 
from the University of Pittsburgh's Research and Development Center which, has — 
produced the Individually Prescribed Instruction J[IPI) curriculum, dtjscriAe 
instructional decision making this m way/ « " 
MLjt^achiji^in™^ 
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ceea. Particularly characteristic of individualized instruction 
is^the^jffecessity fog instructional decisions relevant H to each 
student. Thej;difrwential decision-making function in individu-- ■ 
al\zed instruction is' a central "issue . These decisions' require y *' 
a great variety of information about the/ individual student y * f - 
such as (1) w]|4t criteria of competence should be applied? (These 

, . * i|74 3 ' - • ;rf, 
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have traditionally been stored in terms of teste grades, teacher * 
judgments of quality, etc.)' (2) what is the background of the 
r student? (This has been s'tored in the student ! s written record 

in terms of intelligence test and aptitude tfest scores.) (3) how 
• does a* student proceed in his learning? (This is usually the 
teacher ! s impression of the\student as slow or fast,- or attentive 
or, di s tract able, and rarely takes the form of documented informa- 
tion.) (4\lq£rt instructional means are available for teaching 
•certain lessons? (This has beejn catalogued in the teacher's 
head or" on a resources list.) Tp.5]. f , , . 

In the model of individualize^finfetruction envisioned by Cooley and Gla- 

ser, a sizable amount o£ information is needed on a daily basis for each 

student. It is obvious thaf some form of assistance is necessary to help 

the teacher collect,, store, and act in terms of such data. They outline six 

features of a computer-Tnanagemetft of instruction (CMI) model:- 

(1) Specification of goals, subgoals, and decision nodes. 

k (-2) Measurement an4 diagnosis of the iHitial state or behavior with 

•which the student enters an instri/ctional situation. 

(3) The assignment of instructional alternatives . 

(4) Continuous monitoring and assessment.* * 

(5) Adaption aftd' optimization, 
4 (6) Evolutionary operation, * m 

The details of, such a CMI model inclu^ knowledges whi^h do not 
clear lya available given today's theories of instruction. But I wilt discuss 
this point 'later. 
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WHAT IS THE CURRENT STATE OF THE ART? / T-T— ' - % 

t Let us now turn to revising , the state t>f tjie art. tfhat~is the experi- 

mental evidence to support or refute these uses of computers in instruction? 

How far have the developments progressed? In this review I will ( examine basi- 

caliy information which deals with mathematics ^instruction; of course, some 

information may ha?e implications for teaching mathematics Jbut which has not 

been determined using school mathematics*^ a setting. I 

I * ' 

In the October 1968 dpcument Computer- Assisted Instruction i A Survey 
of the Literature (Hickey and Newton, 196^ available from £NTE&EK'"(an in- - , 
formation processing center originally funded by the Office of ljfaval Research) 
there are listed and'described IM- university centers, five i ndn^tri a ^v -Based 



v centers, 15 military projects, and eight public school and consortia deailhg- 
with CAT research, development, and application. Approximately 500" 4$S^jR5a- • 
ual public and grjLvate schools^a^JsTC least a limited CAI capability and oyer 
50. separate organizations have -JulJ.y ? operational time-sharing systems, 



MPUTERS 

* Charp (1967) reported the* re suit § of a 1965 survey of 65 schools using 
computer programming in their curricula at a -conference on The Computer in * 
American Education (Bushriell and Allen, 1967), In the same conference, KariL 
Zinn (1967a) another pioneer of CAI activity at the University of Michigan, 
provides a very comprehensive annotated listing of the multitude of projects 
involved in the programmed learning type CAI, Snater. (1968 ) reported the 
responses of 5q\chool systems selected because of their involvement in 
using the problem-solving approach. Thus, it 'would appear that considerable' 
-activity is underway in both categories of CAI and problem-saving. 

What measures of effectiveness of the computer-assisted , problem-solving 
approach are available?' The Computer Utilization* Program of the Altoona 
Area School District, Pennsylvania, is probably the only high school project 
in the country to operate its own full-scale time-sharing teleprocessing 
system owned by\he district and located in the high school (Information Ser- 
vice Department, 1969). Started in 1964 .as a small, government -funded in- 
structional unit' for some 200 vocational students, the General Electric sys-, 
j tern has been expanded in well planned steps until today the computer is self* 
supporting^ serving k0<$ students in 16 different schools across five celvfcral 
Pennsylvania counties. 7 

Computer utilization in the mathematics and science department is in- 
tegrated into the curriculum. BASIC is taught to all eighth and ninth grade / 
students and FORTRAN is taught to ail mathematics and science students in 
the senior 'high school. It is felt that if instruction in programming is * 
introduced early in junior high school, the progranrnrhig- work can be incor ; 
porated directly into the curriculum. , The student learns just enough 
grairaning technique each year to program typical problems given in the par- 
ticular mathematics and science -classes . In solving their problems J students 
do all theif tjork outside ^f class. Students are required to makeyan an^vsis 
of their problem, draw a flow chart, and write a' documented program in one o5 
the languages. The students program is punched onto paper tape at one of the 
^numerous teletypewriters and transmitted to the computer. Teachers fre- ' 
quently asked, "Where are we going to Vind the time to cover all the required 
material .and sjtill teach programming V\ Through actual experience with a test 
group, however, it was found that .less' time had to be spent on drill work to 
"reinforce a aitncuit conoept*since the student had to analyze his problem ^ 
completely J>efore programming. More material could be covered since less time 
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was required for the tedious ' calculations . Also, problems that were bypassed. 
* before because of their complexity and lengthiness were 'now tackled with 
success. The one bit of experimental evidence reported from the Altoona pro- . 
ject states that experimental groups who have .been taught BASIC and computer * 
usage for algebra problem solving have attained a higher level of learning, 
expecially in arithmetic reasoning, than control groups not similarly ex- 
posed. 'is. 

Jesse Richardson, Massachusetts Sta_te Dept. of " Education, describes a 
similar time-sharing project which uses the TELCOMP languajgje in grades 6,9, " 
and 11 (see Hicke^and Newton, 1968). At the time of this paper, a final re-* 
port is not available. ^ \ 

The only available comprehensive research results which I was able to ' , 
locate ^have stemmed from the two year Computer-assisted Mathematics Project , * 
better known as CAMP, conducted at the University of Minnesota High School* 
Operating under a grant from the General Electric Foundation, David Johnson 
(1966) directed a envelopment and research program at grades 7, 9, and 11. 
The purpose of the project was to identify appropriate material in the* exist-^ 
ing mathematics program whj.cn might be more effectively studied by designing . 
computer programs. The grant supported the single teletypewriter term^na}. an^ 
the time-sharing contracts over the two years . s 

Kieren (1968) reported a two year^tudy conducted with^ eleventh grade ^ v 
mathematics students in the CAMP .project/ ' Tbe 36 student^ frdm'tbe first year 
and the 45 students involved in the second *year were ^randomly assigned* to 
either a computer 4 or a noncomputer group. f*Sr purposes of analysis, t*he . 
classes were blocked into average, and high previous* achievement groups* The - 
s two classes were taught in bpth' yea^s by the experimenter. !Ehe textbook used . 
'in the course was the SMSG Intermediate Mathematics . ^h'e djj^Fj^grence, in* the J 
"treatments , was that the computer, class learned mucn^of ,their maxli£mat^^$y * 
writing BASIC programs which involved the problems, concepts, and skills. Tronu* 
the regular mathematics course while the noncomput-er group <±tt3Miot"Usk -$je 
computer in any way*, Various measures of mathematical achievement were ob- 




tained during each of the two experimental years. Methods of analysis o; 

1 ; f r * ( i 

Variance and covariance were applied to the§e measures in order .to test hy,-£, 

' ! ■ ' < ! /I 

. potheses of no differences in group means after instruction* Also, the prp-_/.\ 

T h ' . ^ 5 ' • ~ 1 ' \ 

portions of correct responses w£re examined for 348 test items used invthe, _ 
second year • /_ ; \ v ' "1 
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Kieren reported^ one reJ«€tion out of eight of the null^ hypotheses of.no 

treatment effects during the first yea?. This rejection favored the mean of / 

the computer crlass on the^standardized Contemporary Mathematics Test , 'Advanced 

Level. No significant differences of treatment by previous achievement level / 

interaction were found for- the eight significance tests.' 

During the second year, the achievement of the computer class was found 

to be significantly higher according to the means' for the Unit Test on Quadratic 

Functions when the_ analysis involved the pretreatment STEP 2B and Unit Test on 

Functions scores as covariates . Using the same eleven, t^sts and the analysis * % 

of variance procedure, kieren rejected the null hypothesis of no differences ' 

j * 
due to treatments for the means of the, Unit Test on^Trigonometry and the COOP r 

Trigonometry Test in favor of the regular class. As' in the firs*t year, the * 
test^of interaction revealed no significant differences. However, an inspec- 
tion of the cell means suggest that the computer seemed to be relatively more 
effective for/ students of average pluvious Achievement . Kieren (1968) states J 
"It is of interest to note that" the rejection favoring the computer cl^ss came 
in a unit which was deemed 'extensive^ in terms of computer use. The re- " k » 
jections in favor of the 'regular class come in the trigonometry unit where 
the computer use was deemed 'moderat^* in the description of the treatment 14 <■ 
[p. 1253. % \ 

The null hypothesis of no difference in the proportion of students cor- 
rectly responding to a test item was rejected for 43 of the 348 items in- 
elude d. In_j tudyiag-these items, it appeared that the computer had little 
positive effect on simple skills such as computation with. complex numbers and 
geometrical trea\ments of trigonometry. , On the other hand, the computer . 
"seems to make its strongest contributions v in the areas of complex skills, ^ 
organization of data and drawing conclusions therefrom, and the study of 
infinite processes t; [p. 127-8]. Kieren suggests that additional research " 
needs to be done involving more subjects and using carefully detailed written 
materials to implement this use of the computer. * \ m 

I was able to complete a second study (Hatfield, 1969) as a part of the 
CAMP project. My research involved seventh graders over a two year period. ) 
The design and instructional procedures are analogous 7 to those described for 
Kieren f s study. Subjects were randomly assigned to treatments. In- the com- 
puter treatment, students wrote computer programs involving the s'ame mathe- , 
'matical content taught in the non-computer treatment. Special supplementary 
materials were written apd" used with the computer gr<jup to teach BASIC pro- \ 
grafiming, to identify the^content to be pro£f £jfpJ d , dnd to guide the writing^ 

' l \ fa 
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of programs, the study of output and the^processes of "debugging" or refine- 
ment toward a more general algorithm. Comparisons involved Several con- 
structed tests'*? commercial standardize^ tests, and a selected problem solv- 
ing test. Revisions o^f the supplementary materials and constructed tests 
were, sufficiently extensive to require that each^year be treated aaNa t 
separate experiment. For purposes of analysis, each treatment Was blocked 
into three levels of previous achievement using scores on the STEP Mathematics 
3A test. Analysis of variance was used to compare** main effects due to "tre&t- • 
ments arid dif ferential^rf fects of treatments across previous achievement 
levels. "Comparisons of proportions of students responding correctly to a 
test item were used to^ Explore in greater detail the particular contributions 
of each treatment.. Each of these items had been classified as a "skill 
"concept," or 'problem 1, item by three 'mathematics educators who applied * a con- 
struct specification developed by the experimenter. 

During Year 1, the effect due to treatment as measured by group "means was 
significa^^or only one fNumeration Systems ) *of the eleven criterion tests. 
This different favored the noncomputer treatment with the^ greatest difference 
in cell means occurring, at the low previous achievement levels During this 
initial unit, the computer students also learned the BASIC .programming proce- 
dures, Which seemed to interfere with concurrent study of numeration systems. 
The equality of item proportions was tested f ^or2&£-^t€mir^Tne" propoxjt i ons of 
correct responses in the cojiii^i--^ro1ip - ^as significantly greater on 22 items, 
while onl3--i*ems-~"£ne computer group was favored. 9 On, six of the eight sig- 
■^nTficant "skill" itenis , the control group was favored. 

v During Year 2, the^means analysis of treatment effect revftled signifi- 
cance^ on one ( Elementary' Number Theory ) of the six unit tests and two (Con- * 
temporary Mathematics Test and Thought Problems ) of the six posftreatment 
tests. These significant* differences all favored the^computer treatment^ 
Comparisons of cell means on these three tests reveale'd that the high and' 

average previous achievement computer groups were especially favored. The 

i \ 

number theory unit was recognized as a particularly relevant setting for the 

V/ \ - i 

' use of the computer. The emphasis of this unit was on exploration and inquiry 

with problems involving many laborious calculations. The orientation was !to 
use t the computer as a laboratory tool to explore a number of interesting num- 
ber theory settings. The proportions for 327 items revealed that the computer 
group sabred significantly better on 25 items while 13 items favored, the con- 
trol group. The computer group was significantly favored on 12 of the 16 



problem items 'and 10 of the 16 concept items. 
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The results from these two studies do not support computer-assisted 
h problem solving as the. optimal approach to be taken in. all settings. A*T tlie 
same time, there is evidence that these seventh and eleventh grade students 
could learn to program* the computer to study their school mathematics. 
Furthermore, in several particular settings, the computer-approach did^re-^Xj 
suit in significantly improved performance. % . 

While the heaviest overall usage o^ computers in instruction has been 
ih the category^commonly called. CAI there seems to be experimental evidence 
dealing with mathematics instruction from only a f^w of**t-h£_centers . One 
of the most carefully planned and extensively documented projects has been the 
drill-and-j5ractice CAI project for ^arithmetic from the Stanford center. Now 
in their fifth year of work, Pat Suppes, Max Jerman , and others have compiled 
an impressive performance record. In addition to a wealth of articles and 
center reports (Suppes, 1966j Suppes, 1968a; Suppes, 1968b; Suppes, Jerman 
and Groep^l966; Suppes., Lof tus , and'Jerraan, 1969), Suppes, Jerman and Brian 
(1968) have authored a detailed textbook account of the 1965-66 ari^imetic 
program. ^To give some idea of the extent of Stanford's current project, the 
February 1969 issue o£ their CAI Newsletter (Jerman, et al., 19699 reports that 
nearly 250 terminals are now located in. schools and homes* in California, 
Mississippi,- Kentucky, and. Washington, D.C. In the period from October 9 
Ehrougn- December 20, a total brHBTpnn^regrL a nd lui ^ gm , u m L g l ^n w^k — 
57,399 administered to the users in Mississippi alone! A 

A comprehensive review of the detailed results in the evaluations being' ' 
produced by this project will not be attempted here. An evaluation of the 12 
Mississippi schools of 1967-6$ using the Stanford Achievement Test as a pre- 
tested posttest revealed -that at all^Grades 1-6 the comparison of mean gains 
in grade placement -scores significantly favored *the group which had received 
_the brief 'daily drill administered by the computer. ,The difference is* largest*. * 
in Grade 1, where in only. three months the average increase in grade- place- 
ment was 1.14 for experimental students* compared to .26 for control students.' 
T^e effect was the least for the fourtfc and fifth graders, l{ is noteworthy 
that this approach to drill and practice has been implemented by the New York * 
City public schools this year where oyer 6000 students are reported to be 
receiving brief arithmetio and readirib drills daily* using an RCA^computer ' 
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*I cannot leave an account t of the Stanford QAI center without according 
some, acclaim to the formulation of the theoretical linear structural models 
for predicting response and latency* performances in the CAI arithmetic drills 
(Suppes, «49£7a; Suppes, 1967b; Suppes, Hyman and 'Jerman, 1967).* It is exactly 
such contributions which^will be necessary before educators can ever hope to 
implement a system, of computer-managed instruction. Of course, should the 
. computer never become a' tool in instructional^ management , the knowledge of the 
type generated by Suppes and his staff should have relevance* in the design .of 
V t instruction , , whatever the medium. t ^) 

In the 1067-68 Report from the CAI Laboratory of they University- of Texas, 
Gibb (1968) reported the results of three studies t involving elementary mathe- 
matics students indicating some significant work -in computer-assisted arith- 
metic instruction in the Texas oenter. ' ^ 

•Let me > draw your attention to at least one project which seems to have 
implications for future uses of computers in assisting with instructional 
management. Hively, Paterson, and Page (196.8) report one of the first non- 
trivial applications of what Osbum (1968) has named "universe-defined achieve- 
ment testing. 1 ' In this approach, the basic arithmetic program used in federal 
Job Corps centers was analyzed into precisely defined domains of behavior ♦ ** 
Item fprms , consisting of general forms together with »a specification ,of genera- 
. — tin n.TH»^n 1 . pinnoipoiy HrvfinoH ^ hP^wvF an test/items which were taken to 
represent *a diagnostic category. The studies~""T^po£te<f were tests of .whether 
the defined item forms Represented distinct, homogeneous£±asses of behavior 
which in turn could providbe the foundation for detailed diagnosis -^ncT^efli^dia- 
tion* Although a computer was not used to generateythe particular tests fronu 

V 

the various itemrform* universes , the authors note that a* computer' could be 
easily programmed to do this. It is^ easy to see the utility pf such a testing, 
system for evaluation in a learning system aimed at providing differential 




placement . 

*Some Next Steps 

t As must always be'The case, I have only touched upon the variety of current 



activity *i n vol ving computers in, mathematics instruction. I would propose the 
following as conclusions, trends, and unanswered questions, for teachers^and 
Researchers ; , . ) 

te , (1\, Mathematics instruction , vparticularly*at~ the* secondary and college 
level, wiT^ continue to be the setting for the investigation of the approach 
9oalled computer- assisted problem solving. Future investigations should seek 
answers to questions like the following: ~Is ^his. way of studying mathematics* 
effective for general mathematics and applied mathematics students^ .What are^ < 
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• the transfer effects of Using this computer approach to data organization, 
decision making, and corrective refinement of .decisions in other disciplines, 3 
such as the physical and social sciences? What are the relationships between . 
the style and organization of algorithm designs and the .learning styles pf 
students? ,*Are there difficulty levels associated with particular computer 
algorithm structures? What are the attitudes, toward the teaming of mathe- 
matics and toward this particular characterization of man-machine systems? 
Are students indeed more' motivated to learn mathematics while us.ing this com- 

. puter approach? Are there particular features of a programming language, that 
make it the best selection for different students.? What are the advantages and 
effects of using an instructional mix of CAI-tutorial material with problem- 
solving and algorithm design? Ennis (1962-5) of Cornell University has sub- 
mitted that several aspects of Piaget's formulation of tjie development* of * 
logical" thought are Inadequate. 4 He has posited a different model. Can the 
processes of computer algorithm design be described as characterizations of 

. such models of! reasoning and logic as Piaget and Ennis have discussed? 

(2) CAI at .the. drill-and-practice and tutorial levels will,continue ' in 
the 'main to be an activity of heavily funded Research and Development centers. 
The us,e of CAI as an instructional laboratory for researching questions aimed 
et more adequately describing and predicting the learning of mathematics is 
assured.. Widespread usage of CAI instruction will depend in most part upon 
how rapidly hardware people can bring down the inflated costs of terminals 
and communication. One possiblity of a major breakthrough is currently 
claimed by Bitzer (l968) v of the University of Illinois* CAI center. He and 
others have developed a plasma display tube cafc^le erf color and rear screen 
projection from microfiche which can be driven over coaxial cable at great 
distances, which will be low in production^cost, and which can support related, 
media devices. A description of this, device and Bitzer f s clairis are part of 
the proceedings of the September, 1968, Conference on Computer-as§i^e^i Instruc- 
tion*' sponsored by the NCTM, NSF, IBM and the Pennsylvania State University (see 



Tfeimer, 1969). 'Much of the developmental work-in CAI in mathematics will focus - 
•on special "excursion 11 material, dealing primarily w t ith remediation and enrich- 
ment. Should such*'material become* generally available, teachers will be faced I 
with the challenging problem of determining how such available 1 instruction is. 
to be properly blended into more^conventional classroom instruction. Assistance, 
in this probleri may come in part\from the work just beginning in the third area-u. 
of computer usa I hcjve described: namely instructional decision making. 
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(3) Computer-management* of instruction (CMI), described in its current 
.theoretical state, holSs probably the most* significant impact for educational 
environments. The utility of employing computers in management of instruction 
is contingent upon the corftinueS surge toward designing more individually ^ 
sensitive learning opportunities,. I believe that the current activity aimed 
at individualization is not simply a. fad, ljut rather is the fjf»st insurgent 
of what will be a major educational revolution. The feeble predictive know- 
t ledge we no # w have about how children learn 'mathematics must*be vastly extended 
f before *we will be able to design what will approximate optimal instruction for 
each individual. y'. **' _ c 

in closing, let me. propose that the community of mathematics educator- 
researchers formulate a plan for developing a Center for 'the Study of Mathe--^ 
matics Learning (see Suppes, 1967a). I believe "that such a think-tank cauld 

effectively focus the diverse activity $nd accelerate the present trickle of 

* * • 

basic, formative research. Such a Center, staffed with ajreasonable number' 
of the insightful people currently interested in studying mathematics learning, 
could be the capability*requi'red to overcome the, information gap that prevents-* 
,us from having any real assurance tfiat what we do in teaching a particular 
child is what is best for him. The«advent of" the computer seems to hold the, 
promise of overcoming many of the manpower and economic barriers in inUividua- 
lized tutorial instruction: The real question is whether we will be ab\e to 
intelligently, use the capabilities whicji computer systems will of f er .to us. 
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t 

Probjem-Sglving and Creative behavior in Mathematics^- 

Jeremy Kilpatrdck 2 
•Teachers Coljj^ge, Columbia University 

Problem. solving and the related, more elusive subject of creative be- 
t hayior have received substantial attention from mathematics educators during 

the past five years. The role of problems in developing students' mathematT^ 
1 cal activity was chosen by the International Commission on Mathematical In- 
struction as one of three topics for discussion at the 1966 International 
Congre-ss of Mathematicians in Moscow. Reports to the Commission by the Con-. 
ferenc?e Board of the Mathematical Sciences (1966) in the^ United States and 
by the Association crT Teachers of Mathematics (1966) in England highlighted* 
the importance of problems in "mathematics instruction and indicated that we 
need to know much more about using problem's to stimulate independent and 
creative thinking. * ' < 

The Cambridge Conference on School Mathematics (Educational Services 
Incorporated, 1963) urged curriculum developers to devote more, time and ener- 
gy to the'crjeation of problem sequences, with special emphasis on. problems 
that' can be used to introduce new mathematical ideas. The coming "second 
round" o$ curriculum revision anticipated by the Cambridge ^Conference. will 
clearly require careful specification of criteria, for these problem se- . 
.quences (Baughman, 1967). As complex, challenging mathematical problems " " 
assume a more central role in the curriculum^more* research that makes use 
of such problems will be needed. «< 

Calls for mor* research are easily made. A more difficult task is to 
locate, amid ttie vast, amorphous literature oji problem solving anc$ creativ- 
*i.ty, studies that might inform future research, ^s the literature reviewed 
here suggests, the topics of problem solving and creative behavior are not 
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A' preliminary version of this paper was read at the 47th Annual Meeting 

of»the^ National Council of Teachers of Mathematics, April 1969, in Minneapolis 

under the title "Review of Research in Problem Solving in Mathematics^ 11 A 

shortened form of the paper, entitled "Problem Solving in Mathematics," will 

appear in the Review of Educational Research , October 1969. i 

2 James W. Wilson, University, of Georgia, served as^ consultant on the 
preparation of this review. Richard Pocock assisted in, the initial search of 
the literature.- \ * 
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being investigated systematically by mathematics educators. Fortunately, 
some* psychologists have used mathematical tasks, or mathematics-related* 
tasks, iiTtheir research oh higher cognitive processes. Though the use of 
mathematical problem material in psychological studies appears at times to 
be almost fortuitous, these studies fill some of the gaps^ in 'current re- 
search in mathematics education and may provide some of the direction that 
is now lacking. ^ 

' 4 Bibliographies ^and' 

i Problem solving in elementary school n&trrariatics was the- subject of 
. several recent reviews. Riedesel (1969) listed 63 outstanding articles and 
research reports from the past fifty years, and noted some obvious implica- 
tions of this research for arithmetic teachers. Gorman (1967), in aynore 
systematic and critical analysis, identified 293 studies on word problems 
, conducted between 1925 and 1965. Only 37 of these ^stu^ies , mostly doctoral 
theses, were deemed "acceptable" according to Gorman's drite^ia, which em- 
phasized the control of factors affecting internal validity. Generaliza- 
tions drawn from the acceptable studies were as frequently contradicted as 
/confirmed by results from the remaining studies. A monumental survey by 
Suydam (1967) of, publishe'd research on elementary school mathematics from 
I960 to, 1965 yielded 84 studies of problem solving, the largest single cate- 
gory in her topic classification scheme: Suydam, too, found conflicting re- 
sults and a generally low quality of design and reporting. 

Simila^? surveys at the secondary school level would be useful, if only 
•» • to document the dearth of published studies on problem solving at the higher 
grades. Comprehensive general reviews of problem-solving theory and researeh 
are given by G. Davis (1966) and in the volume edited by Kleinmuntz .(1966 ) . 
Investigations of creative behavior in mathematics have not been col- 
^ lected and reviewed apart from other creativity studies. The bibliography 

r - .fey Razik (1965) andjrhe review by Arasteh (196g) are useful general. ra- „ ' 
ferences on creativity research. Davis, Manske, and Train (1967) have' 
summarized the literature on methods fotf training .creative thinking. 



Problem-Solving Ability 



Without necessarily Conceiving of the ability to. solve mathematical 
problems as a unitary phenomenon, one can leam something of its nature by 
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examinirig the relationships between an individual's success in problem solv- 
ing and d*ther characteristics of his thinking and personality, Studies of 
problem-solving ability range from straightforward comparisons of ^roup per- . 
form§nce to i^rftricate factor analyses, 

* Individual Differences 

. J 
Tate an4 Stanier (1964) analyzed the performance of good and poor pro-* 

y.em solvers on tests||of critical thinking and practical judgment. Subjects 

were 234 junior^high school studentsfrwhose scores^ on a composite measure of 

problem- solving ability, including mathematical and quantitative reasoning 

problems, deviated markedly from a regression line of problem solving on IQ. 

On the critical thinking tests, the poor problem solvers tended to avoid the 

judgment "not enough facts" and to make unqualified "true" or "false" judg- 

* f 
ments. On the practical judgment test, they tended to select answers having 

a high affective component. Tate and Stanier argued that the errors may 

stem from response sets having a temperamental rather than an intellectual 

basis. Of special note, too, are" the striking differences between good and 

*poor problem solvers' on a test in which they had to identify the missing' data 

in arithmetic problems (Tate,, Stanier,^and Harootunian, 1959). 

Sex differences in problem-solving ability were studied in a novel way 
by Sheefran (1968), who used a Multivariate analysis of covariance with a 
step-down procedure to examine the relative influence of concomitant vari- 
ables on differences in -achievement . After five weeks of instruction in 
algebra, 107 high school freshman were given a criterion test divided into ,* 
subtests designed to measure higher- and lower- level cognitive, processes . 
£uper£or performance by the girls on the lower-process test disappeared as * 
sequential adjustments were made for their initial superiority in eighth- 
grade mathematics achievement, elgebra aptitude, and pre-instructional know- 
ledge ,of algebra. Further, the boys showed superior performance on the 
higher-process test after the adjustments were made. The .results indicated , 
that sex differences in ability to learn complex problem-solving skills may' 
be masked .if criterion tests emphasize the acquisition ol9 information! 

Koopmah (1964) found that although boys and girls at eacfr.of the-grad'es 
from nine to twelve were about equally successful in splviag arithmetic pro- 
blems; the girls at each grade were less confident of their solutions than 
Jhe boys. The twelfth graders were better able to judge their solutions 
correctly trhaj^ere the ninth graders. Robinson (1964) found no r sex 
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differences or differences between seventh and ninth graders in the ability * 
to justify a mathematical generalization by means of a proof, but *he did - 
find differences attributable to the tasks and to whether or not the stu- 
dent was in a general mathematics program. " % o 

Related ?kills and Abilities 
— — — — > 

Success in solving word problems in mathematics clearly depends upon 
ski lis > in reading and computation, but the relative contribution of these v 
~ skills is not so clear. Balow (i964), using a factorial design with sixth 
graders at four levels of reading ability and four levels of cqjnputaJtional 
ability found that.both factors were associated with problem-solving ability a 
measured* by the Arithmetic Reasoning subtest of the Stanford Achievement 
Test * There was no significant interaction between the two factors . When 
IQ was taken as a covariate , similar results were obtained, except that con? 
putational ability showed .a stronger effect than reading ability. Martin 
(1963) found that each of the factors of reading comprehension, computation, 
abstract verbal reasoning, and arithmetic concepts was correlated with pro- 
+\ biem solving as measured by the Arithmetic Problem- Solving Test of the „ Iowa 
Tests of Basic Skills given to fourth and eighth graders , The partial corre- 
lation ^between reading and problem solving with computation held constant was 
higher at both »grade levels than the partial correlation between computation 
and problem solving with reading held constant. * As Martin suggests, the 

tlationship between j>roblem^solving ability, and its "'under lying skills, • 
rticularj^ higher-order verbal skills, is probably mor§ complex than had 
♦ been .supposed. . ( * 

Two factor analytic 4 studies of problem solving in mathematics were syn- 
thesized by Weredelin (1966), who rotated the two factor matrices to a con- 
gruent structure* The loadings on 'the five factors isolated in each study 
were virtually identical. Tests of prdbl/m solving loaded most strongly, on 
a General Reasoning factor and to a lesser extent on a Deductive Reasoning 
and a Numerical .factor. The other factors , ~Space ~and Verbal Comprehension, 
were unrelated to -problem solving. Werdelin's subjects were high school 
boys*, so his analyses' dQ not permit an examination of s^ex differences, but 
Very (1967) has demonstrated with college students that the mathematical 
abilities of males are more differentiated and more easily identified than 
those of females. Similar patterns were also found at grades nine and ele- 
ven,*with a general increase in number of factors with age ('Dye and Very, 
v • 1 . 

r 
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An experimental study t>f test anxiety by Jonsson (1965) illustrated 
the importance of affective factor^ in problem solving. Identical* mathe- 
matical problems fx?om rshe Sequential Tests of Educational Progress, were 

. . ► T ~~L 

embedded in two different test versions, one containing easy problems and 
one* containing difficult problems. Classification variables in c addition to " 
test version were scores from the Test -Anxiety Scale for Children. An 
arictiysis of covariance was dofte separately for ea'ch sex, with arithmetic 
reasoning as the covariate^ The sample consisted "of 358 sixth graders. Re-"' 
suits showed some interaction^^^test anxiety and test difficulty, especially 
for girls, to the detriment of the performance I of highly-anxious subjects 
taking the more difficult, version. The result s\could be used to bolster 
, arguments for matching achievement tests more closely to estimated perform- 
ance but also suggested that anxiety may act generally to distort findings 
in c studies of complex problem solving. , 

Evidence on the influence of motivational factors was reported by 
^ Gangler (19673, who ftfund that college students who were inf&^mejl that thej^ 
work on a series of learning tasks in symbolic logic would count toward their 
mat hematic ^course grade performed less well on learning and problem-solving 
"tasks thaji, s^dents who were not so informed. • The effect was greater for 
s'&deri'ts of high intelligence than for students of low intelligence. 

„ ^Kpilmer Pringle and McKenzie (1965) argued, on Irhe basis of a pilot* in- 
vestigation, that,^a^|^§,s competitive "school environment may reduce frustra- 
tion and stress am^i'g^low-ability pupils. They ,fouifd less problem-solving 
rigixi^ty among low-ability children in a child-centered progressive school 
in England/ than among comparable children in a traditional school. These 
findings are suggesf^e at best; the joint influence of affective factors 
and intelligence^ on mathematical problem solving* warrants further study. 

Additional References : Kennedy and Walsh (1965); Lindgren et al. (1964). 

f Problem-Solving Tasks ( 

When problem material varies all the way from geometric ^proofs to match- 
stick puzzles, one wonders whether consistent generalizations can be macle 
about problem solving in mathematics. Some reassurance that » laboratory taeks 
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have rel*evance to classroom work has been given by Olson et al. (1968), 
obtained significant correlations between grades in seventh-grade matfyejnatics 
and performance- in paired-associate learning, discrimination leartving, con- 
cept of probability, conservation, yferb ai^ memory , and anagram tasks. The re- 
sults were complicated by sex differences, espec>jally when IQ was partialed 
out, but a clear— and unexpected finding was that the more complex, school- 
like tasks, such as conservation of volume and anagram solving, £ad no 
greater predictive validity than^the simple rote-learning tasks. Variations 
in problem material do make some difference, hbweveri *and several investi- 
gations were ajmed at assessing their effects . 

- Problem Coctent 



A perennial issue in mathematics education concerns* the use of^probler&s 
that are closely related to students' interests and experience. TraHrg 
(1967) asked 2*+0 ma£.e high school freshmen to choose and 3blve one of two 
problems that were identical in structure (numbers used, operations required, 
etc.) but ' different in setting. The subjects showed strong preferences for 
"social-economic" situations (e.g.* selling hotdogs) compared with "mechani- 
cal-scientific" situations (e.g., testing sparkplugs) and "abstract" situa- 
tions (e.g. , solving secret codes). The .last situations were particularly 
unpopular. "General mathematics students showed stronger differential, pre- 
prances than algebra students, and there were s#me tendencies, although 
slight, for problem preferences to be related to vocational interests as 
expressed on the. Kuder Preference Record . 

The hypothesis that disadvantaged children would perform relatively 
better on problems whose consent dealt with lower 4 needs, such as food and 
shelter, than on problems whose .content dealt with hifher neodc r cuch as 
master^" and education, was? tested by Scott affd Lighthall (1967)* Need con- 
tent of the problems was not related to degree of disadvantage of third and . 
fourth graders. A principal components analysis of "the data suggested that 
^factors associated with, the difficulty and the mathematical content of the 
items, rather than the meed cdntenjt , accounted for differences , in performance 
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Probleja ^ Structure 



Steffe (1967) investigated the effects of* two variations of .the lan- 
guage^used a problem on difficulty. Twenty one-step addition problems 
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were presented orally to ninety firstxgraders in individual interviews. In 
ten of the problems the nafnes for the two sets to be combined and the total 
set were ^he same ("Therif are four cqokies on dne plate and two cookies on 
^othpt plate. How man^r cookies are on the plates?"), and in ten of the 
problems the names for the three S££S|Were different , ('"Mary has four kittens 
and two goldfish. t How many pets does Mary have?"). Half of the subjects 
were given problems in which an existential (quantifier was used at the be- 
ginning of the problem ("There are^ome cookies 6n two plates"), and half - 
were given problems without the quantifier. The presence of the quan^fier 
hak no effect on problem difficulty, but the problems having a common name 
for the sets proved to be significantly Easier than the problems having . 
^different names for the sets. Stef fe' concidded* that curriculum developers 
should give more attention to problem situations in which the sets are de- 
scribed in different words.' rf \ , K . 

In a^ study of three factors hypothesized to affect problem difficulty, 
West and Loree (1968) found that decreasing a problem's redundancy . (reducing 
the repetition of data) and decreasing its Selectivity (adding irrelevant 
data) made^the problem significantly more difficult for s'even1;h and ninth 
graders, and that decreasing^ problem's contiguity (putting the data some 
distance apart) made it significantly moie dif f^cult f^r -seventh but not 
for ninth graders. Placing* the -question at the beginning rather than at 
the end of the problem statement' did not' improve performance significantly, 
according to. Williams and McCreight (1965)-, who asked fifth and sixth graders 
1 to solve problems of both types. .Burns and Yonally (1964), using twp- and 
three-step problems, found that fifth graders were more successful wfierTthe 
data were presented^in the order used to solve the problems than when the 
data were presented in another order. Subjects low in arithmetic reasoning 
ability were more affected^by. the reordering of data than were subjects with 
high ability. * •> ~! * 

Supf>es, Loftus,*and Jerman (1969) studied the relative contribution^ to 1 
problem difficulty of .six variables: (1), operations , the minimum number *of 
different mathematical operations needed for a solution;^ 2) steps , the min- 
imum number of steps (applications of operations); length , the problem * 
.length, in words ;.(U) sequential , whether^ or Viot the problem, pould'be solved 
by the same operations^ as the preceding one; verbal-clue , whethe'r or 
not 'the prqblem contained a verftal clue to the operations needed; and (6) 
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conversion , whether or not conversion of ^inits v^gs necessary. JData were ob- 
tained from x 27 bright fifth graders, each of whom\olved 68 word problems 
presented in a computer- assisted instructional program. The six> variables 
accounted for MS percent of the variance in performance on the problems, 
With the sequential, conversion, and operations variables making the greatest 
"contribution, in that order. The sizable contribution of the sequential 
variable suggests that the context in which a problem is embedded" may be al- 
most as influential as the problem's structure in determining its difficulty. 
^ The wording of problems is a struQtural^feature usually assumed to Be 
related to their difficulty. Thompson (1967) wrote ten arithmetic problems 
at two levels of readability as defined by the Dale-Chall and Spache read- 
ability formulas. Mean reading grade levels for the two sets of problems 
were 2.7 and 8.7. Subjects were 368 sixth graders, half- with IQ's above 110 
and ^ialf with IQ ! s below 100 (as measured by the Californ/a Test of Mental 
Maturity ). Thompson reported that the effects of readability and mental 

ability on performance were interactive. Although readability affected per- 
; * ' . 

-formance at both levels of mental ability, it had a greater effect ftith sub- 
jects of 1 low mental a?P¥S$. 

Stull <1964*) investigated the effects of reading problems aloud to sub- 
jects. Five classes at each grade from fdurth to s^xth received auditory 
assistance while taking' an arithmetic test; five classes at each grade, did 
not-. The, test comprised four subtests* that measured: (1) knowledge of 
quantitative ~ relationships found in social situations, (2) abi-iity to 
recognize missing .data, (3) ability to disregard irrelevant data, and (4) 
ability to make appropriate assumptions from the data. Only on th« subtest 
_of .ability to disrsgarcl irrelevant data did the subjects who received audi- 



tory assistance perform better than the others, and this effect was signifi- 
cant fey the girls but not for the boys. On the other subtests, differences 
were not significant. The .results suggest that problem .difficulty is more *a 
function of reasoning ability than of reading skill.. 

Additional - Reference s : Early (1967); James (1967). - 

Problem-Solving Process eg / 

Since the solution of a problem- -a mathematics problem in particular — 
\ . * " * 

is typically a p'ootf index of the processes used to arrive at that .solution, 
problem-solving processes must be studied by getting subjects to generate 



/ 



ERIC , • ■ 



^ observable^sequences; of behavior ., Psychologists, have devised numerous teeh- 
'niques for studying problem solving/bourne and Battig, 1966),' hut mathemati 
cal problems are seldom used in sucn .research. Nonetheless, mufh of .the. re- 
cent literature on problem-solving processes has relevance for mathematics 
educators. . " 
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Developmental Changes 

fiaget's theories on'the growth of logical thinking have served as both 
focus and touchstone for developmenta^-studies.; Sharpies et al. (1968) ex- 
amined the relationship betweeft j^itf' ^d/f fourth graders' ability to solve 
transitivity of length problems aW't^fr^bility to solve logic problems 
embodied in Switch- light tasks/ / f A scalogra^, analysis indicated that trans- 
itivity of length was prerequisite to the fo*m of seriation used. in solving ' 
the -logic problems. The fourth graders, however, failed to show a hypothe- 
sized superiority on the transitivity 'task.' Irfformal interviews suggested 
that the fourth graders • performance may have been hampered because' they 
were searching for a "trick-'-an observation. reminiscent of Wear's (1964) 
finding' that seven- to ten-year-olds often perform at k lower levels on pro- . 
blem'-solving tasks than younger and older children. The 'seven- to ten-year- 
old may be "at a point'iri development wher e< his ability to .generate complex 1 
hypotheses and employ complex search strategies is growing at a faster pace 
than his information-processing ability, which catches up only'at a later 
ageMWeir, 1964; p. 481). Impressive^ evidence has begun to accumulate that 
young^ children cari learn and transfer various complicated problem-solving 
strategies (Stern,, 1967; Stern' and Keislar, 1967; Wittrock, 1967).' * . % 
.^Ureyberg (-1966) used an objective test designed to measjure the develop 

?ff<fp Piag ^ i#n C ° nCeptS in 8 tw °-y ear longitudinal study/ The subjects 
Wew^boys and 87-firls, six to nine years of age. Scores on the concept 
test were as predictive of arithmetic" computation and arithmetic problem-; ', 
solving ability' two years later»as was Primary Mental Abilities Test menta> . 
age. Furthermore, a' regression analysis showed that the concept test added..' 
■ significantly to the prediction of arithmetic attainment .by mental .age. 

O'Brien and Shapiro (1968) demonstrated thai; the ability to recognize ' . 
logically necessary conclusions is not the' same as the ability to test the 
logical necessity of a conclusion. First, second, and third graders" were 
given one of two tes'ts'J a 100-item test, devised and used previously by Hill, 
in which subjects responded "yes" or W to*' questions on-' premises from 
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sentential logic, classical syllogisms, and the logic of cjuaritirication ; and 

* *" * 11 
a 100-item modification of the first test in which subjects responded 'yes, ' 

"no," or "not enough clues" to 67 unaltered items and 33 items altered so 

that .the third response was corre'ct. The results on the first test confirmed 

• *• * * 

Hill's previous findings of growth from ages sij$" to, eight „and a generally 

high level of performance at the^se ages in ability to recognize logical ne- 
cessity. The results of the second test showed, except in, the case of the 
altered items, no significant growth with age in the ^ability to test logical 
necessity, and a significantly lower level of performance overall. Subjects 
in all three grades tended to avoid selection of the "not enough clues" op- 
tion when it was correct. 

s 

. Strategies of Inquiry 

") The now-classic *A Study of Thinking (Bruner, Goodnow, and Austin, 1956) 
has stimulaj^l mathematics educators ^e.g., jtosskopf, 1968) to ask whether 
the strategies employed v in concept attainment tasks appljr to problem solving 
in mathematics Concept attainment studies, however, have seldom used mathe- 
matics problems , -perhaps because such problems do not f^t the information- 
gathering model very well. In solving a mathematics problem, one often has 
most of^ the information he needs; the question is what to do with' it. Re- ,, 
search on strategies of inquiry can tell only part of the sto^jj, but it 'may 
provide some leads for identifying more general problem-solving strategies. 

Rimoldi et al. (1964) developed and validated a variety of criteria for 
assessing performance on information-gathering tasks. They^ found that scores 
derived from the logical structure of the problem were more useful and dis- % 
criminated better than did scores based on group norms.. Practice on informa- 
tion-gathering tasks improved subjects' performance, anH male college s^u- 

dents performed better by most criteria than did male high school^ students . 

■i ' 
A subsequent study (Rimoldi , .Ag*Ji%, and larger, 1968) showed similar increases 

in performance with age from 7 to 13 years, fteimark and Lewi's 01967} have 

suggested that increases in logical information-gathering strategies with age 

are attributable not *6 differential learning rates .but t'o** increases in the 

number of subjects at each age who are capable of^using a strategy. ,In other 

words^, the acquisition "of logical strategies is essentially all-or-none for* 

each individual — a hypothesis worthy of further test.. ✓ * 

Recent Work by Dienes and Jeeves (1965) has* given what may be a 
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•productive new focus to the search for strategies. Instead of studying sub- 
jects • -behavior as they gain information about concepts, Dienes and Jeeves 
studies ho* subjects reorganize stimulus material into structures. Using 
a task in which the card a subject 'played, together with the card shown in 
the wfridow of an apparatus, determined which card would appear next in the 
window (a binary operation), Dienes and Jeeves presented embodiments of 
mathematical groups (the two group, the cyclic group of order four, and the 
four group) as games. The subject played a card and predicted which card ^ 
w.ould appea^ next in , the window untjl 'his predictions* were consistently 
correct. When asked how the game worked, subjects gave three types of eval- 
uations: A operational, indicating that they regarded the card played as oper- 
4 ating on the card in the winaow; pattern, indicating that they divided the 
tame into parts in which similar combinations of cards yielded similar out- 
comes; and memory, indicating that they, had merely memorized each combina- 
tion. -\ \ , , 

Dienes and Jeeves identified a strategy of" card choice corresponding to ' 
each type of evaluation and found that a subject's use of strategies was re-, 
fleeted in his report. The hierarchy of evaluations (operator—pattern— f 
memory) .was validated in various performance measures. Adults tended to" use - 
more strategies and to give fewer memory evaluations than did children.. Sub- 
sequent work (Jeeves, 1968), using groups with 3, <4, 5, 6, 7, and 9 elements, 
confirmed the. findings of Pearlier study that children were better able to 
particularize (from larger group to smaller group)" than to gen^aliz'e (from' 
smaller group to larger group) and that children had more difficulty gen- ^ 
eralizing than did adults. In Dienes and Jeeves*' viW, S-R models are in- 
adequate for explaining subjects* performance on thgse tasks, and eome kind v 
of- structural learning must be postulated. • 

Heunstic Metho ds T» f 

' / 

•Modern interest in heuristic— the study of the methods and rules of dis- 
covery and invention'-is due principally to Polya ,(1957, 1962, 1965), who 
has se^forth maxims for problem solving which, he postulates , correspond to 
mental actions. Evidence for the validity of Polya*^ observations on the 
problem-solvi-ng process has come most strikingly from work on computer sim- 
ulation of human behavior. Programers^have found that the incorporation' of 
general heuristic rules, such as working backward or. using a diagram, not 
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only makes problem solving more economical,* but it also results in $mr- 
« formance by the computer that closely resembles 'the behavior of human sub- 
jects struggling with similar problems. 

Information-processing approaches to the, study of problem solving (see 
Huat, 1968; Newell and Simon, 1965) haye frequently used mathematics pro- 
blems. Paige" and Simon (1966) compared the protocols of subjects asked to 
think aloud as they solved algebra word problems with the processes used in 

computer program for translating^ English sentences into liquations and x then 
solving them. Analysis of the protocols showed that subjects used some 'kind 
of internal representation of the physical situation described fry the pro*, 
blem in framing their equations. When given "contradictory" problems -in(\^ i 
which equations can be written even though the problem 'is physically im- 
possible, subjects consistently differed in their ability to detect the con- 
tradiction. Paige and Simon concluded that good problem solvers are more 
likely 'than poor problem solvers to discover contradictions of this sort, 
an observation in conflict with Krutetskii ! s (1969 f finding that for some 
contradictory problems, capable secondary school students and adults make 
more mistakes than less capable subjects, who use a concrete interpretation 
and thereby discover the fallacy. The difference in results may be attribu-. 
table to the Soviet educational practice of teaching mathematics problems as 
representative of certain "types." Krutetskii's more capable subjects ap- 
parently saw the contradictory problems as embodying a type, recalled* tl\e 
type solution, .and then mechanically substituted the (illogical) data into 
the solution .• Kennedy, Eliot, and Krulee (in press) gave a five-step de- 
scriptj^on of the act of solving algebra word .problems : (1) assimilate the 
problem statement, i2) 'assess the information given, (3) identify the re-" 
lationships among elements tto form equations, (U)' incorporate unstated 
logical or physical assumptions, and (5) solve the equations. Twenty- 
eight high school juniors, equally divided between the sexes and between 
honors and regular mathematics classes, were given three numerical and 
three word problems and >^ked to think aloud as they worked. The honor stu- 
dents did not differ from the i average students in their ability to assess the 
information given or to identify the relationships among elements, but the' 

honor students, were better able to make, inferences about unstated logical and 

t 

or physical assumptions, in confirmation of the Paige and Simon observation 
mentioned above. An additional finding by Kenne.dy, Eliot, and Krulee, that 
the less able students had a greate^ tendency to formulate problems in the 
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order*the data appeared,, supported Burns and Yonally's (1564) Report tljat 
students low in arithmetic reasoning ability had greater difficulty with pro- 
blems when the data were reordered. 

Kilpatrick (1967), using' a system based on heuristic processes identi- 
fied by Polya, analyzed problem-solving protocols of 56 junior high school 
students in relation to their performance on a battery of aptitude, achieve- ~ 
ment, and attitude scales. Systematic styles of approach to spatial and 
• numerical problems, similar^ styles identified factbr analytically bjr,, 
Freriph (1965), proved to Tbe. .unrelated to processes used in solving wo ^ 
Wrems: Subjects who attempted to set up equations (they had not yet had an 
algebra course) were significantly superior to the others on measures of 
quantitative ability, mathematics achievement, word fluency, general reason- 
ing, logical reasoning, and ti reflective conceptual tempo. Subjects who did' 
not use! equations varied in their use of trial and error. Those subjects who 
used the most trial and grror were higher than the others in quantitative ■ 
ability and mathematics achievement. Those subjects who used the ijeast trial 
and error had the most' trouble with the word problems", spent the^east time 
on them, and got "the fewest number correct. 

Most research oj^heuristic methods has used <th'e "thinking aloud" tech- 
nique, as did j)uncker (1945) dn his seminal study J But some investigators . . 
have turned to„other techniques. J. Davis (1964) devised a mathematical 
model based on solution time and used the model to demonstrate that problem i,- 
solvin^ occurs 'in stages related to the structure of the problem, much .as. ' 
Duncker hadUoted. Hayes (1965), using a "spy" problem in which subjects- had; 
to chain together previously-learned associations took acceleration of the . 
solution process when subjects neared the g^l as evidence of a planning';.?', 
heuristic. Anthony (1966) studied the .relative effectiveness of wor.king 
backward'and working forward in a maze 'problem and found that subjects ' were 
able to shift to the direction* that 'was more efficient for a particular pro- 
blem. 

One topic studied by Duncker that has .received considerable attention, ' 
is "functional fixedness" —^tendency for a- previous use of* an 'object in 
a given function' to inhibit the'o'bject'V^aing perceived in another.-functien. 
Although Duncker' s work with mathematics problems was more pertinent "t<f" 
education and although he himself admitted' that in his monograpjginctional 
fixedness was discussed in detail out of proportion to its importance, the 
tbpic^cotenues^to* inspire research*, i ! perhaps because of its bearing on- the ,' 
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larger topic of rigidity in problem solving (see Cunningham, 1966). 

The wdrk of Raaheim (1965) illustrates the direction that some of the 
work on/functional fixedness has taken. One can classify problems iritto two 
broad categories: those in which the goal is difficult to understand but 



easy ta attain once understood, andthose in which the goal is easily under- 
stood but difficult to attain. Raaheim found that performance on the first 

♦ 

kind of problem »was related to the ability to find many functions for a given 

object, to the ability to list tfany objects to fulfill a given function, and 

to general intellectual abij^Lty. Per^^^nce on the second kind of problem, 

however, was related only to the abilityM:o list many objects to fulfill a 

given function. Raaheim's work implies the existence of several kinds o£ 

flexibility, whose role depends upon the structure of the problem and how it 

is seen by the subjects The larger questjp» of how subjects adapt various 

heuristic method^ to different kinds of problems remains virtually unexplored. 

# • Additional > References : Holden, 1964pPylyshyn, 1963. 
C* 

» \ % . Creative Behavior' 

Few Studies of creative .behavior have dealt* directly with mathematics. 
Of these, most have been concerned with the construction of instruments for 
measuring mathematical creativity.' Other studies, generally of ;n©-re tan- " 
gefrtial relevance, have explored the Relationship between creativity and 
(gp&blem solving. 4 m 

Measurement of Creativity fc • - 

The "view that intelligence tests are inadequate for the identification 
of creative talent has sparked attempts to construct new tests. .Prouse (1967) 
reports on the construction of a ten-item test to measure divergent and con- 
vergent thinking in mathematics. Subjects were 312 seventh graders from 14 
classes in five spools. Within-teacher correlations were calculated between 
the creativity test ana 4 measures of intelligence, achievement, school marks, 
preference for school subjects, an* c^ativity as rated by the teacher. 
Correlations between the creativity test and the teacher ratings were low but 
both were moderately correlated with intelligence, achievement,* and grade 
point average. The "results were disappointing^, they gave no indication ttyat 
♦ the creativity test was superior to-^xher measures, including 4 *1?eacher ratings, 
• in identifying gifted students. 
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A battery of creativity tests for grades five through eight was devised 
by Evans (-1964), who started with 27 tests and reduced them to 16 on the ■ 
basis of preliminary tryout and intercorre'lation analysis. 'Final testing of. 
123 subjects of above-average mental ability showed few differences between 
mean performance at each grade', except' for a genial tendency for the fifth ' 
graders to score lower than the others, ^composite score on the battery^, 
was significantly correlated with measures of intelligence, achievement/^" 
attitude toward mathematics, and general creativity '(the latter Tonsi^ing 
of an unusual use^test.'an anagrams task, etc.). Evans' tests are clever, 
and though firm data on reliability and validity are lacking, the battery 
shows some promise as a measur^ the ability to- formulate new matbemati- 



cal ideas 

5 



Creativity and Problem Solving 

_ Klein and Kellner (i 9 67) studied' differences in the performance of high 
and low creative subjects' on a two-choice probability learning task similar 
to that *sed by Weir (1964). Subjects were 16 high and 16 low scorers, from 

v a group of 130 male undergraduatepfTon the Remote Associates Test. An analy- 
sis of covariance, with IQ as the covariate, showed that high creative sub- 
jects took" significantly longer in making a ^jMf t from one choice to the ' 

^ other, and tended to .match their responses jW ith\he objective probability of 
reinforcement sooner than did the low creative subjects. The resullfwere 
interpreted as suggesting that -the hig~h creative subjects*were demonstrating 
a greater tendency to form hypotheses about the pattern of reinforcements. 
« Additional. evidence that high and low creative subjects approach pro- 

Sis differently came from studies by Eisenstadt .^66) and by Mendelsohn ' 
Griswold (1964). Eisenstadt found that 6reativFsub.jects' were faster than 
reative subjects ^ solving rebus puzzles with incomplete information, : 
in' solving the puzzles after complete* information was. given, and in giving 
up on puzzl«s they could not not .salve. .Mendelsohn and Griswold .found a 
positive relationship between creativity and the use of incidental cues in 
solvfng anagram 'problems'. •* ' , 

Cicirel-li (1965) reported relatively low correlations (0.11 to 0.26) for 
a group of 609 sixth graders .between subscores on the Minnesota Tests of 
Creative Thinking (MTCT) and scores on the California Arithmetic Test . Of ' 
the three areas of .achievement measured (arithmetic, reading', "and language), 
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arithmetic had the weakest relationship to creativity. Wodtke (1964)* found 
that, whereas intelligence and problems-solving flexibility (as measured by 
the Luchins Water Jar Test) were" correlated positively and significantly, 
flexibility was not correlated with creativity (as measured by the MTCT ), 
even when the measures, wer,e corrected for attenuation. It appears that 
creativity, though it may be related to certain facets of problem solving, * 
bears no simple relationship to problem-solving performance. 

Instructional Programs ' 

Recent 'years have witnessed the development of increasingly sophisti- 
. cated theory-based programs of instruction in problem solving and creative 
behavior. Though the majority of studies continue to be evaluations of a 
single device or technique, some lattempts have been made to develop broader 
programs having an 'explicit theoietfcal'rationale . ^ 

Trailing in Heuristic Methpds ^ # 

Covington and Crutchfield (1965) report several studies with the General 

Problem- Solving- Program ( GPSP ) , a well-coficeived and apparently successful 

program they devised for teaching ^children to apply heuristic strategies to f 

problems. Though the problems are not mathematical, the strategies are 

appropriate ^mathematical problem solving. The program consists, of a 

series of self-instructional booklets, that present the continuing story of a 

brother and sister team, Jim and Lila, .as tftey try to sol^e a series of 

puzzles and mysteries with the aid of their Uncle John, a high school science 

i © * 

teacher and part-time detective.. The pupil is. supposed to identify with Jyn 

> . .* 

and Lila as they gradually overcome their an xi eties and become proficient in 

problem solving. The programmed booklets not only give the pupil repeated 
experiences in solving interesting problems, but they also show him strate- 
gies such as planning one's attaqk, searching for uncommon ideas, transform- 
ing the problem,, and using analogies^ Covington and Crutchfield* found drama- 
tic gains for an instructional group of fifth and sixth graders as compared 
with a^control group on tests of problem-solving ability, tests or, creative 
thinking ,^and attitude 'inventories . Five months after" instruction , gains in 
problem-solving ability diminished somewhat but w>sre still statistically 
significant; gains in creative thinking had become marginal CCovington, 19&8)« 
. An extensive tryout of the GPSP in 44 fifth-grade classrooms under 
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conditions of minimal teacher involvement and a more rapid rate of-presenta-- 
.tion yielded similar, but less striking results (oiton et alJ, 1967). The 
. performance of the instructed group was superior to that of the control group 
on 30 of 40 criterion measures of convergent and divergent thinRing, but only' 
v ll of these .differences were statistically significant. Ripple and Dacey 

. (1967) found, with a modification of the GPSP for" eighth graders, no signifi- 
cant differences between instructed aria control groups on four measures of ~ 
verbal creativity. The instructed pupils solved the Maier -Two-String Problem 

. faster than did the controls, but the' percentage of correct solutions was ' 
about the same. *■ •» 

Concerned over these apparent failures to replicate Covington and • - 
Crutchfield's findings and curious about the question of nonspecffic transfer ■ 
,Treffinger and Ripple (1968) investigated the effectiveness of the GPSP on' 
verbal creativity, general problem solving/arithmetic problem solving, and ' 
attitudes, at each of the grades from.four through seven. Various analyses 
vfere performed, including chi-square analyses of performance on 'individual 
problems and analyses of covariance- with IQ and pretest spores as covariates. 
Only a few difference* on the verbal creativity and problem-solving tests- 
not much more than would * e expected by chance-reached statistical signifi- " 
cance, and these idif fere nces formed no obvious pattern. ^Although it should 
be ,go»d that the results for arithmetic problem s tffo ng may have been cloudgd I 
by .the difficulty and the/low reliability of the tests used.) Statistically 
significant differences favoring, the instructed group' were found on a measure 
of general attitudes about creative thinking and problem solving at all four 
grade levels. The results, as in the study by Olton et al., suggest that the 
GPSP may be most effective when presented at a slow pace with supplementary 
discussions by the classroom teacher. Also, although the GPSP may be success- 
ful^ promoting some transfer to novel problems, unless the format of the ' 
problems resemble that of the training materials, transfer is U^ly to be* 
.minimal. . . 

. " ' . ' ' [ 

Daniels (1964) attempted to teach college students the heuristic Method 

of "property analysis" (describing to oneself the elements in a task situation) 
in order to produce nonspecific transfer. ' HeWUs less' successful than- 
Covington and Crutchfield: significant increases in originality on Guilford's ' 
Unusual Uses Wwere obs/ved in' one experiment but not in another, although 
the training conditions/ere identical, and no 'imp^ent was found in ath.it 
to solve a battery of insight problems. As Daniel* pointed out, training 
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programs emphasizing fluency, of'response may promote transfer to other;difer- 
gent thinking tasks merely bfecause the subject cowes to expect that fluency 
is what is wanted. Such programs may well fail, however, in promoting per- 
formance 'on insight problems and other tasks in which fluency alone, is^ of 
little help. - 

* j> Attempts to promote transfer of heuristics from miscellaneous training 
tasks to problems from disciplines such as mathematics raise questions as to 
how general or how specific the heuristics should be. James' Wilson (1967) 
predicted that subjects ^taught specific heuristics would perform better on 
training tasks but worse on^transfer tasks than would subjects taught general 
' heuristics. Subjects were trained on two theorem-proving tasks, one in sym- 
bolic logic, and the other'in elementary^ algebra, by meana^of self-instruction- 
al booklets. For each task, subjects were ^taught to use one of three kinds of 
heuristics: task-specific (applicable to the training task only), means-end 
(locating the key difference between the given situation and the goal and then 
^searching for a means to reduce the difference), and planning (omitting de- 
tails in the given situation ajid working out a proposed -solution in general 
.terms). A 3 x 3 x 2 factorial design was jysed, with Ihree levels of heuris- 
tic for each task and two orders of task presentation. Dependent variables 
were derived from performance on the training tafsks and on five transfer tasks 
(two similar and three dissimilar in format to the training tasks). ?ask- 
specific heuristics did not facilitate performance on the training tasks; in* 
fact, on one training task the planning heuristic was superior to the others. * 
Orr one of the (dissimilar) transfer tasks, t^e planning heuristic was superior 
to the others; otherwise there were no significant main effects. Significant 
r interactions suggested that a combination of heuristics during training facil- 
itated performance on some of the transfer tasks and that general heuristics 
learned in the first training task were practiced on the second task, there- 
by facilitating transfer. * 

* x Several researchers have recently sought, with little ^success , to improve 
problem^- solving performance by giving the subject a model to fpllow. Brian 
(1966) taught college students to solve problems by using a flow chart that 
incorporated heuristics identified by Polya. No improvement was found in 

ability to construct mathematical models, to conjecture, and to use axioms, ' 

* '"* 
theorems, and -algorithms , but some improvement was noted in ability to settle 

conjectures. * The small sample size (17) and the lack of a control group Dre- 

.vented an adequate test of Brian's hypotheses; his analysis of processes 

'deserves further investigation. 
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PoSt" (1967) demonstrates that awareness of the types of mental operations 
thought to underlie problem solving does not necessarily improve performance. 
Ten seventh-grade mathematics classes constituted the sample. The classes' 
■ were matched on -problem- solving ability, and while -the control group followed 

the regular schedule, the experimental group was given a three-day introduc- 
{ tion to a list of processes- drawn from the literature on problerni^Tng 
followed by six-weeks of practice in using the processes, Ajialysis/of ' gain 
. scores on a problem-solving test showed no significant difference between. the' 
^ experimental and control groups. * 
Additional Reference ; Means "and Loree (1968). 

Learning by Discovery 

Mathematics seems to have a natural affinity with learning by discovery:- 
mathematics |urriculum reform^ jyich, as Max Beberman and Robert Davis have 
been among the most articulate spokesmen for the view that children should 
/^discover some of what they learn; and on the other hand, psychologists study- ' 
^ discovery learning have often used mathematical tasks. As Wittrock (~1966) 
notes, in a comprehenVive analysis of the literature, research on disobvery 
learning generally surfers from conceptual and methodological weaknesses and 
has yielded inconsistent results. It is , encouraging, therefore, that several - 
recent studies, better designed than most, have demonstrated some superiority 
of discovery methods for promoting transfer of problem-solving skills. ' ' 
. One way of contrasting "discovery" and "expository" methods is in terms 
of the sequential organization of instruction. In a discovery method, verbal- ' 
ization of a concept or generalization comes at the end of the instructional 
sequence; in an expo's itorW method, it comes at the 'beginning.- Using thVs con- 
trast, Worthen (1968)jt^ied the effects of six weeks of. instruction in . \ 
•mathematical con^l^T^T the two methods. In each of 'seven schools, one sixth-^ 
.grade class used .a discovery method and one used, an expository method; in aif 
eighth school, one fifth-grade class used each method." The same teacher' taught 
both classes in' each school. Worthen attempted to control a number; of vari- 
ables left uncontrolled in previous studies. For example, all teasers par- 
ticipated in a training program on/the use of the methods # nd materials, and *' ' 
then, as a check that the methods' were being followed, teacher behavior was 
rated by observers during^e experimental period and by the pupils at the 
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-end of the period. ^Ratings showed clase fidelity to models of each method 
t$at Worthen had ^delineated. Analysis of covariance^ using IQ scores/ 
Metropolitan Achievement Test arithmetic computation and problem-solving * 
subscores, and pretest scores on a concept knowledge te-st as covariates, in- 
dicated thai; the expository group showed more initial learning than the dis- ^ 
covery group, contrary to Wortfien's expectation. When initial learning was' 
taken as a covariate , however, the discover* group showed greater .retention j f 
of concepts after five and eleven weeks and an indication (p < .08) of j; ^ 
greater transfer ^ of mathematical* principles to novel situations. The dis- 4 
covery group also made greater gains on oral and written tests of discovering 
a short cut for wetfking a series of problems. 

Wills (19^7) investigated t]p& effect of learning by discovery o,n problem- 
solving ability. Two groups of eight intermediate algebra classes were given 
two weeks 1 instruction on figurate numbers and recursive definitions. 4 The t 
instructional materials, in a workbook format, introduced a topic by pre- 
senting a difficult problem that" required a generalization, guiding the stu- 
dent with a series*of simpler .problems , pronging the student „to look for a^ J . 
pattern in the problems, and giving the student a check on "his generalization. 
In one group of classes,, the teachers discussed various heuristic methods for 
discovering the generalization in the instructional material^; in the other 
- group, the teachers^ gave no such guidance. Before and aftler instruction, both 
groups took a 60-item test on mathematical topics not covered, J-n the unit* On 
^^e posttest both groups doubled their pretest performance, whereas a control 

group that took the te*sts with^t. the intervening instruction made only a J 
* minor gain. Guidance by the teacher on heuristic methods apparently^ did not 
contribute to the gains; the adjusted means of the two experimental groups on 
the posttest did not differ -significantly . 

Scandura (1964) demonstrated, in three small studies, that variations 
within* discovery and expository method* , .such as the directness of presenta- 
tion anj the point at which a generalization is introduced, may be responsi- 
ble for some of the conflicting results in earlier research. Inone experi- 
ment, a discovery method yielded an advantage in nonspecific transfer, but 
in the two other experiments, under modified, conditions , it did not. Scandura 
concluded that the timing of. instructional steps in discovery learning is, one 
of the most critical features. Another small-scale study, by Meconi (196.7), 
fo'und no significant -differences on either a transfer or a retention test ■ 
among "pure discovery," "guided discovery^i^arrd "rule and example" methods 
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for teaching summation of sequences. K Both Meconi and Scandura used, instruc- 
tional treatments of only a day or so.'s Ration and with- small numbers-of - 

• students, so their results are not directly 'comparable with those of Worthen 
and Wills. v * 

Training in Verbal Skills 
» « • 

Since students frequently h*ve trouble -reading verbal problems in mathe- 
matics textbooks, it is natural to. ask whether training in .verbal skills might 
•improve, problem-solving performance. 'Reasoning that knowledge of vocabulary 
is an important component of. problem-solving ability, VanderLinde (1964) 
- tested whether the study of vocabulary lists would result in gain on arithme- 
tic problem -solving tests. Nine fifth-grade classes; matched with nine con- # 
trol glasses on IQ ind on Iowa Tests of Basic Skills (ITBS) subtests of vo- 
cabulary', .reading Comprehension/ arithmetic concepts, and arithmetic problem 
solving, studied a different list of eight quantitative terms every week over 
a period of 20 to 24 weeks. On a Wdm^jiistration of the ITBS , .the experi- 
mental group exceeded -the control gro^Jp on both arithmetic subtests, farther 
analysis of the arithmetic problem-solving- subtest revealed 'no differences 
between the sexes but;a significantly lower mean gain by the low IQ group 
compared with groups of average and above-average. IQ. 

I Irish (1964) reported a two-year investigation in which a group of nine 
fourth-grade* teachers in small city school system were masked <to spend part of 
th€ time in class ordinarily spent oh computation helping pupils state gen- 
eralizations about number operations. In' both years, pupils of these teachers 
made greater gains on'problem solving as measured , by the Sequential* Tests of' 
Educational Progress Mathematics Test and on computation as measured by th~ 
School and College Ability 



in the system. " ( 
^ Additional References 



Tests than pupils of other fourth-grade teacher^ 



\ 

Call and Wiggin (1966); Lyda and Duncan (1967). 



Special Methods and Devises ' * 

* . /Much- attention has been focused'in recent years on finding methods and 
devices 'that .would improyfe problem solving .without putting. the v chlld in the 
kina of strait jacket ? rovi^d by' formal analysis, and^ other prescriptive tech- 
niques.^ The traditional aUrqadh to the solving of word problems 'in the ele- 
mentary g'rides", has bieen characterized as a "wantei-given* procedure— the chjid 
is taught go as£ himself , ("What is wanted?" and "that is given?" and then to 4 
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perform tfcfe appropriate operations on the data to yield values for the un- 
knowns* • In several recent studies, other approaches have been pitted^against 
this traditional* (5he. • » ,J , 

John Wiison (1967) contrasted one version/ of the wanted-given approach, 
in which tbe child analyzes structural relationships between the' data and the 
unknowns, with an "action-sequence" approach, in which the child lqpks for the" 
operations suggested by the sequence of actions in the problem* In both , 
approaches, the child writes and solves a number sentence that expresses the 
' structure of the problem. Fifty-four fourth-grade subjects at three levels 
o>f mental ability were randomly assigned to a wanted-given, an action-sequence, 
and a control group. Each group was given three periods of instruction a week 
for ninp weeks'", u ^^g worksheets supplemented by instruction from the teacher 
(except for the cShtrol group, which just worked the problems and then""spent 
the remaining time on other activities). A 3 x 3 factorial" analysis of vari- 
ance followed by multiple comparison* tests showed that on measures of ability 
to choose correct operations, of ability to solve problems, and of speed in 
solving problemi^Mjj^xe Wanted-given ^fbup performed better than the^ other two m 
groups after thr§^ six, and nine weeks of instruction, and again nine weeks 
after instruction, hacl ended. Wilson's^tudy provides strong support for the . 
superiority of the wanted-^given approach, although as Zwehg (1968) observes, 
Wilson *s wanted-given treatment varies considerably from the traditional one*. 

Lerch and Hamilton (19|66) compared a structured-equation approach, in ■ _ 
which pupils* wrote a numberj sentence expressing the relationships in the pro- 
blem (apparently something jlike Wilson's wanted-given treatment), with a 
traditional wanted-given approach, in which no number sentence is written. , 




operations but not oh a measure of ability to solve problems. ^ 

The effects o£ varying amounts of attention during* arithmetic 'instruc-* 
tion to .the structure of 'the' whole numbers Versus verbal problem solving .was 
\studied by St.uart (1965). ' Fourth-grade^Upils in ten schools were assigned ^ 
at random to one of three ^program, treatments: (1) a program designed to teach 
basic concepts of ^umbers, and computation, with no solving of ver&al problems; 
°(2) a program designed to teach the analysis of verbal problems, how to ex- 
press* Jtjie relationships as number sentences, and hpw td solve the sentences; 
and (3) a^program consisting of equal parts of the othtr 'two programs/ 

' < • * . k ' . .. 
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i * ' 

* Analysis ol^covariance , with IQ and subscores on the Stanford Arithmetic Test 
* «j — — — — ^ — . — 

(SAT) as covariates, showed significant cjifferenc^s in posttest performance 
on. the problem-solving section of ^ the SAX but. not on the computation or con- 
cept sections. A delayed administration of a third form of the SAT yielded 
no significant dif^rences. Stuart concluded that for immediate problem- 
solving performance, «the "mixed" program was superior to the program that 
emphasized structure of whole numbers and at least as good as the program tfiat 

emphasized prdblem solVing alone. 4 f * 

«*'••*■♦ * 
* Riedesel (1964) devised a series of problem-solving lessons, at two levels 

* ** 
of difficulty , in which pupils were instructed and given practice in writing 

'number* sentences , drawing figures, formulating problems, presenting problems 

.orally, and solving nonnumerical problems. Eleven sixth-grade classes were 

given the experimental instruction for ten weeks. When compared with nine con- 

^trol olasses that 'got no special instruction in problem solving, .the experi- 
mental classes made significantly greater gains* on a problem-solving test con- 
structed* for the study and gains approaching significance on the Arithmetic 
Problem-Soling subtefst of the Iowa Tests of Basic Skills . * 

, The hypothesis that experience in writing and solving one's" own problems 

is more beneficial than practice in sdlying textbook* problems- was tested by 
Keil (1964). Pupils in four sixth-grade classrooms spent one period'a week 
for 16 weeks Writing and' solving problems about?, a given situation, while pupils 
in a control group of four classrooms solved.' textbook problems about the same 
situation. .Results of an analysis of covariance, with an IQ and pretest 
scopes on the Se ntential Tests of Educational Progress (STEP) Mathematics ,Test # 
as covariates, and scores on .alternate forms of the Metropolitan Achievement 
Testv ancf STEP as dependent variables, supported Keil's hypothesis. 

Othar dimensions of the kind and amount of problem-solving practice that 
children ^fcould reieiye were ex^ored by Koch (1965), who found in a small, 
but carefully done study that increasing t^e amount of homework ' assigned^ did* 
not improve problem-solving performance, and by Traub (1966), who found that 
performance on a complex task (addition on the numbpr line) was facilitated 
more by heterogeneous than by homogeneous suj£tasks_ in a self- instructional 
program. . * ^ ^ 

% * Two studies dealt with techniques for teaching problem solving, at the- 
ninth-grade level. Denmark (1964) comparfed a "deductive " approach ( arranging. / 
data^ and unknowns* in a table and then reading off the appropriate equations) - 

It5dt)[\ an "inductive", approach (looking for a pattern in successive trials). On 

** f/ . rl ! * * • t 
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a posttest, students taught the inductive method were better able to 'arrive 
^^at correct solutions, but when credit was given for formulating correct |qua- 
Jions and solving them correctly, i;he students taught. the de&ctiwe method 
excelled, Bechtold (1965) found that including problems having Extraneous 
data along with^otfier assigned problems in algebra classes yielde^superior 
perfortnance, not only on extraneous data problems , 'Sut on other problems as 
"well. n * « 

In one ,bf the* few studies with college students, .Gangler (1967) assessed 
* the effects of overt responding, motivation, time of day, intelligence, and 
mathematical background on the learning of symbolic logic tasks. In addition 
to his findings on motivation mentioned in an earlier section, Gangler- found 
that subjects who wrote answers to exercises rather than responding covertly 
made fewer errors on problem-solving tasks . Overt responding during ^Learning 
was particularly beneficial for students whose motivation was raised by tell- 
ing them that their performance would count toward their grade. Stud§nts who 



J 



had taken relatively few mathematics courses in high school and college did 
better on leaning tasks when their responses were' covert rathe* than overt. 
Gangler found a number, of significant higher-order interactions too complex 
to interpret and summarize here but suggesting the existence of complicated 
relationships among personality and task variables in programs to develop 
problem-solving ability, \- 1 " o 

* Additional References :. AUen, Allen, 6 Miller (19^6); Clark (1967)* 

Effects of Curriculum Programs* - an^N^ass Organization * 

"An assumption explicit or implicit in most modem mathematics programs 

, is that the innovations will result in among other things ^improved ability 
.toj solve problems. Two studies % provide. par^Lai tests of this assumptibn^ 
Scott (19615) reported da^ta that Jie interpreted as evidence that modern pro- 
grams, prepared jhj.ldren somewhat better for coping with "insoluble" word pro- 
blems than do traditional progxjams. Second and third graders |.n classes using 
School Mathematics Study Group (SM$G) texts and texts based on the Greater I 
Cleveland Mathematics Project materials, and fifth and sixth graders in 
classes us^ng SMSG texts, were compared with children in the same grades'who 
had used traditional texts . Analyses of covap?iance , with IQ as a covariate , 

| yielded significant differences, favoring .the Lode rn.jtext griups, only it 
grades two and fiye. TJhe lafck of consistency in these results, togethek with 
the low performance overall on the insoluble items, suggests that modem * 
programs, do not materially iimprove/the skill jof dealing with inconsistencies. 
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The hypothesis that instruction in concepts of se*t theory improves prob- 
lem-solving performance was' testecUby Smith, (1968); Two seventh-grade 
classes received twenty days of instruction 'in set theory while two other \ 
classes studied the ^fundamental arithmetic operations . The students iij- ^ • 
♦structed in set theory gained more in logical Reasoning ability but not in 
ability to solve percentage problems than did the other 'students . 

Individually Prescribed Instruction (TPJL) has received considerable - 
attention as, a technique for organizing instruction. Deep '(l966) found no 
significant" differences, after adjustment for initial performance, in computa-* 



tion or problem-soIvT^ff scores among students of high, average, and' low abil- 
ity at grades' four, five, and six after a year of IPI instruction. ' He-conr 
eluded that standardized tests? are inappropriate for measuring achievement in 
|tf anlPI program, which may be true,- ^t other evidence (Lipson, 1967) indicates 
^a general lack of correlation between IQ and progress' under IPI. ^ 

Hudgins^nd Smitn* (1966) reported that when a small group, of elementary 
f school children engaged in cooperative prol^/solving, the group performed 
better than its most alile student in solving arithmetic problems if -and only 
if he was not perceived by the group as' being most able. Problem solving - by • 
^ -groups seems not to be a widespread practice in mathematics* classrooms , but 9 

Hudgiris and Smith's findings on the importance of sociometric status factors 
^ may-nave larger implications for the pattern of interactions and pupil con- % 

tributiens during a problem-solving session. • . 

^ Additional- Reference : Moore -and Cain .( 1968 ) . 

■ Teacher Influences $ 
\i> Polva (1962, 1965) has % argued that teachers cani>pt teach problem solving 
unless they have had some experience themselves in solving problems.! Though | 
. this aagumlnt has not been give* a direct test, Godgart (1964) has demon- I % 
strated that, at leaeij b/'ene. measure,, teachers 1 prdblem-solving ability in' 



mathematics is not ff* 



The Mathematics Test of* the 



i.ated to pupil progress.' 
Sequential Tests of Educational Progress ( STEP ) was administered to ?5 fourth- 
grade teachers, and the Arithmetic Problem-Solving subtest of the Iowa 'Tests 
of Basic Skills ( JTBS ) was administered twice to their pupils—at the be- ' 
ginning of the fourth gra£e and again at the beginning of the fifth grade. 
The teachers performed significantly better on the STfep than did the norming 
population of college sophomores, /when the teachers we're divided into five 
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equal groups according to their* performance on the STEP ) and analysis of co- 
variance performed on class means with the I TBS pretest as the -c^ovariate and 
the I TBS posttest as the dependent variable, the groups did not differ sig- 

nificantly. Furthermore, teachers' problem-solving, ability as measured by the 

f 

STEP was unrelated tjo such background measures as age, tenure status, under- 
graduate major", ^ndf number of mathematics content and methods courses taken, 
( Broome (1967) reported ar unsuccessful attempt to relate teachers' cre- 
ativity^to children's learning. Six low- creative and sijx high -ere atijve 
teachers, as measured by the Minnesota Tests of Creative Thinking ( MTCT ) , K * 
'were selected at random from the fifth^grade teachers* in a city^ school system. 
Seventy-one pupils of the high-creative teachers and 71 pupils of the low- 
creative teachers were administered MTCT Form A in the fall and MTCT> Form B 
in ttj/l ^spring. Achievement data were obtained from school records. Esti- 
mated trW^gct^n scorers showed no differential change in creativity, vocabulary 
development, reading comprehension, or yarithflietic reasoning for pupils prthe 
two groups of teachers . " # . * 

If the teacher does have an impact on pupils' -problem-solving ability and 
.creativity, the locus of this impact must be the. classroom. Stilvpell (1967) 
adapted the Flanders interaction-analysis scheme to study problem-;solving 

i 

activity in geometry classrooms. One of Stilwell's most interesting findings 
concerned the relatively small amount of clas's time (less than 3 percent of 
all problem- solving activity) spent in discussing a method f<?r solving a prob- 
lem. Looking back at a problem^or -ahead to its implications occupied 7 per- 
cen^^f the .projj^em- solving activity, with teacher requests to look back 
the soitit ion ' correlated positively ^and significantly ;with greater teaching 
experience • m i" ^ 
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Though many theses on problem solv- 
re of .a qualify ar 



ty and sophistication 



A good share^ of the research in ma£h 
past, is being done, by ^peroral students., 
ing and" creates,, behavior in ma^bhematici 

that surpasses the general level of journal articles on* these topics, the 
theses are relatively inaccessible. The forthcoming Journal for Research in ,„ 
Mathematics Education., -should gp far toward^ alleyiatmg this, situation. 

As research in jnathemati<J§ *educafei$>n 'become^ .more sophisticated in de- 
sign*, more fix^li^it^y grounded^ In the&r^ and pore' closely ^ allien to develop- 
ments .JLn othe^ #ie£ds, -the ma'thefnat/cs educators, one-sh^ comparisons ^pf % 
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P ill- defined "methods '^n'd the psychologist's Moratory studies of arbitrary, 
• highly artificial concepts should give way to diagnostic ; long-term studies 
of learning and thinking in school settings . Evince of this trend can be 
noted in the studies reviewed, as cen'a general movement toward more complex 
*» designs and -analyses. ' J *• 

Unfortunately, the increasing complexity of design has be*n accompanied 
by an increasing number pf methodological blupders, such as the % inappropriate 
use of analysis of covariance and the use^ of sjubjects~ as experimental utjits 
when intact classes have been assigned to treatments. y More disturbing still 
is- the investigators 1 apparent ignorance that statistical assumptions are be- 
ing violated. Mathematics educators, of all people* should be highly skepti- 
cal about the congruence between an analytical model an<J the "real-world 11 
darta. ^ 

Muchjias been said lately about the need for large-scale, complex t 
studies in mathematics education, 'but the researcher— most likely a doctoral 
student— who- chooses to investigate problem solving and creative behavior in • 
mathematics is probably best advised to undertake clinical stdlies of in- 
dividual subjects (children gifted in mathematics, children for whom mathe- 
matics is> particularly difficult*, .etc.), not only.because clinical studies 
are more commensurate with limited financial and administrative \ resources , 
but also because our ignorance iji these areas demands' clinical studies as 6 
precursors to larger efforts. * * 
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